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The hydrodynamic interaction is an essential effect to consider in Brownian dynamics simulations
of polymer and nanoparticle dilute solutions. Several mathematical approaches can be used to build
Brownian dynamics algorithms with hydrodynamic interaction, the most common of them being the
exact but time demanding Cholesky decomposition and the Chebyshev polynomial expansion. Re-
cently, Geyer and Winter [J. Chem. Phys. 130, 1149051 (2009)] have proposed a new approximation
to treat the hydrodynamic interaction that seems quite efficient and is increasingly used. So far, a
systematic comparison among those approaches has not been clearly made. In this paper, several
features and the efficiency of typical implementations of those approaches are evaluated by using
bead-and-spring chain models. The different sensitivity to the bead overlap detected for the different
implementations may be of interest to select the suitable algorithm for a given simulation. © 2011
American Institute of Physics. [doi:10.1063/1.3626868]

I. INTRODUCTION

A powerful computer simulation technique to study the
large-scale dynamics of macromolecules and nanoparticles in
dilute solution is Brownian dynamics (BD) which is based
on considering the solvent as a continuum and representing
the polymer by an adequate coarse-grained model (usually a
bead-and-spring model).1 An important effect that must be
included in BD algorithms to capture correctly the dynam-
ics of the polymer chain in dilute solution and reproduce ex-
perimental results is the hydrodynamic interaction (HI) be-
tween the elements that form the macromolecular model.1

The inclusion of conformation-dependent (fluctuating, non-
preaveraged) HI, is essential to study phenomena that in-
volve long time dynamics of single macromolecules such as
stretching and orientation of polymers under flow,2–5 DNA
dynamics,6, 7 and protein folding.8 However, BD algorithms
with fluctuating HI demands long simulation (central pro-
cessing unit (CPU)) time, tCPU, which increases dramatically
with the number of elements forming the chain model, N .
The main reason is that the BD-HI methodology requires to
calculate somehow the square root of the 3N × 3N diffusion
tensor, a time-consuming operation carried out every time the
diffusion tensor is updated during the simulation.

An exact mathematical procedure to get the square root
of the symmetric diffusion tensor corresponding to an in-
stantaneous macromolecular conformation is the Cholesky
decomposition (factorization) as proposed by Ermak and
McCammom in their pioneering work on a BD algorithm with
HI.9 That procedure has been implemented in subsequent BD-
HI algorithms such as the predictor-corrector modification
proposed by Iniesta and García de la Torre,10 and currently
it is widely employed in BD-HI simulations.2, 4–8 The draw-
back of such a methodology is that the number of operations
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involved in the Cholesky decomposition, and therefore tCPU

scale as N3 so that the diffusion tensor factorization becomes
the bottleneck of the simulation.

In 1986, Fixman11 presented an alternative approach
to the Cholesky decomposition based on approximating the
square root of the HI tensor by the Chebyshev polynomial ex-
pansion. In the Chebyshev-expansion Fixman procedure, the
scaling exponent of tCPU is substantially reduced to 2.25, what
makes it preferable to the Cholesky factorization when work-
ing with chains of many elements. The Fixman method has
been tested in a number of works12–14 and is also employed
in BD-HI simulations.15, 16 Other BD-HI approaches, advan-
tageous for specific applications, are available.17, 18 Recently,
a new approach has been presented that seems to improve all
of the previous procedures.14 This approach also avoids the
direct factorization of the diffusion tensor achieving that tCPU

scales as N2 without significant loss of accuracy. Following
the original paper,14 we will refer to this approach as “trun-
cated expansion ansatz” (TEA). Although most of the BD-HI
simulations continue employing either the exact Cholesky de-
composition or the Fixman’s Chebyshev approximation, the
TEA approach is currently being implemented in Brownian
dynamics public domain packages19, 20 and is likely to be-
come popular in the Brownian dynamics simulation commu-
nity.

Although some work testing different BD-HI algorithms
already exists,12–14 we think the topic deserves some fur-
ther discussion. For example, it is not clear if different BD-
HI procedures can be applied to any coarse-grained model
without exception or if, for a given model, the relative effi-
ciency of the procedures change with N . In addition, there
exist different implementations of Chebyshev-based proce-
dures which could perform differently. As far as we know, the
only direct comparison of runtime efficiency between proce-
dures was carried out in Ref. 14. In this paper, we evaluate
the efficiency and accuracy of the three most relevant BD-HI
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approaches: Cholesky-based, Chebyshev-based, and TEA-
based procedures. For that purpose, we mainly compare
their performance when simulating Gaussian bead-and spring
chains at equilibrium, a simple and common chain model that,
as explained later, can be consider as a “worst case” for the
performance of those algorithms. In addition, we also show
some simulation results for stiffer chains that confirm some
conclusions obtained by other authors. Our study is divided
into two parts: (a) comparison of results concerning polymer
properties, namely, the radius of gyration, Rg (a conforma-
tional property), and the translational diffusion coefficient, Dt

(a hydrodynamic property), and (b) characterization of run-
time behavior.

II. THEORY

A. Generalities

The stochastic differential equation governing the
Brownian motion of an inertialess structure composed by N

frictional elements (spherical beads) is

dR = [K · R + (kBT )−1D · F]dt +
√

2B·dw, (1)

where dt is the infinitesimal time step, and R and F are, re-
spectively, the vectors containing the 3N coordinates of the
bead positions and the forces acting on them. The 3N × 3N

matrix K, which takes place when the structure is under a lin-
ear flow, is such that K · R = v(R), i.e., it determines the ve-
locity that the solvent fluid would have at the position of the
beads if they were absent. D is the 3N × 3N translational dif-
fusion tensor, containing 3 × 3 blocks Dij with i, j = 1...N .
The off-diagonal elements of the Dii blocks are zero and the
diagonal ones are the translational diffusion coefficients of
the individual beads Dt = kBT /ζi , kBT being the Boltzmann
factor, where the translational friction coefficients are com-
puted according to the Stokes expression ζi = kBT /(6πη0σi)
for beads of radius σi in a solvent of viscosity η0. The blocks
Dij with i �= j depend on the form adopted to express the
hydrodynamic interaction that is often taken into account by
using the Rotne-Prager-Yamakawa tensor,21 a generalization
of which for beads of different radii was introduced by García
de la Torre and Bloomfield.22 In this work, all of the beads of
the chains will be of the same size; therefore they all have the
same values of σ and ζ .

B is a 3N × 3N matrix resulting from the factorization
of D as required by the fluctuation-dissipation theorem,

D = B · BT . (2)

For a given D, i.e., for a given conformation of the bead sys-
tem, B is not unique; any B satisfying Eq. (2) can be used
in Eq. (1). This is one of the main points of departure that
originates the different BD-HI algorithms. Finally, dw is a
random vector whose components are obtained from a real-
valued Gaussian distribution with mean zero and variance dt .

The Cholesky decomposition of D gives an upper trian-
gular matrix, C, that satisfies Eq. (2),

D = C · CT , (3)

so that the Cholesky-based procedures employ B = C in
Eq. (1). An efficient strategy23 is not recalculating but keep-
ing fixed the D tensor for a block of consecutive time steps
(typically 5-50), during which the same B is employed. This
can be done without affecting the final results because the
fluctuations in hydrodynamic interaction are slow, and then
the change of the diffusion tensor during a time step is quite
small.

B. Chebyshev polynomial expansion

As above mentioned, Fixman11 proposed an extremely
elegant procedure, based on a Chebyshev polynomial-
approximation for the evaluation of the square root matrix,
S, given by

D = S · S, (4)

which can also be employed. B = S in Eq. (1), since from
the symmetry of D it follows that S = ST . We provide here
a brief summary of the procedure followed for the calcula-
tion of the random displacements using the Chebyshev poly-
nomial approximation proposed by Fixman. We remind that
it is the possibility of constructing directly those random dis-
placements what makes the procedure efficient.11

Let λmin and λmax be the smallest and largest eigenvalues
of D for an instantaneous conformation. Then, the matrix E
resulting from the linear transformation,

E = k1D + k2I, (5)

will have its eigenvalues in the interval [−1,1] if the coeffi-
cients are given by

k1 = 2/(λmax − λmin), (6)

k2 = −(λmax + λmin)/(λmax − λmin). (7)

Then, the square-root matrix S can be expanded to order L

in a series of L Chebyshev tensorial polynomials Cl in the
tensorial variable E, and coefficients al :

∑L
l=0 alCl , with C0

= 0, C1 = E,...Cl+1 = 2E · Cl − Cl−1. Fixman noticed that
the calculation of the full matrix S can be avoided because we
just seek the vector y = S·dw (to be used in place of B·dw in
Eq. (1)) which can be obtained as a series expansion,

yL =
[

L∑
l=0

alxl

]
− a0

2
x0, (8)

in which the xl vectors obey the recursive relationship,

x0 = dw, (9)

x1 = E·dw, (10)

xl+1 = 2E · xl − xl−1. (11)

The al’s are the coefficients in the Chebyshev series
expansion of the scalar, shifted square root function, f (e)
= [(e − k2)/k1]1/2, or f (e) = [a+ + a−e]1/2 with a+
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= (λmax + λmin)/2 and a− = (λmax − λmin)/2. The scalar
variable e is in the interval [−1,1], and the coefficients in the
series expansion of f (e) to be used in Eq. (8) are given by24

al = 2

L + 1

L+1∑
k=1

cos

(
πl(k − 1

2 )

L + 1

)
f

[
cos

(
π (k − 1

2 )

L + 1

)]
.

(12)
In summary, the needed vector requires the calculation of E
– after the estimation of the eigenvalues – and the iterations
indicated by Eqs. (8)–(12).

C. Truncated expansion ansatz

According to the truncated expansion ansatz14 the dis-
placements from the random forces are formally treated as
those due to the deterministic forces. As a consequence, the
random displacement of a bead along coordinate i during a
time �t is given by

�ri = Dii�t

kBT
Ci

∑
j

βij

Dij

Dii

fj , (13)

where Dij is the element ij of the diffusion tensor, Ci is a
scaling factor to take care that the unperturbed diffusion co-
efficient of each coordinate, Dii , is preserved, βij is a fac-
tor to effectively account for the square root of the diffusion
tensor in the random displacement, and fj is a Gaussianly
distributed number (force) with zero mean and covariance
〈fifj 〉 = (2(kBT )2)/(Dii�t)δij , where δij is the Kronecker
delta.

In order to determine the coefficients βij two assumptions
are made. On the one hand, without loss of generality, all of
the coefficients multiplying diagonal elements of the diffusion
tensor are set βii = β = 1. On the other hand, all of the co-
efficients multiplying off-diagonal elements of the diffusion
tensor are set to a same value βij = β ′ calculated by assum-
ing that the hydrodynamic coupling is weak (i.e., Dij � Dii)
which leads to

β
′ = 1 −

√
1 − [(3N − 1)ε2 − (3N − 2)ε]

(3N − 1)ε2 − (3N − 2)ε
, (14)

where N is the number of beads in the model and the param-
eter ε can be calculated as the average over the upper off-
diagonal elements of the diffusion tensor (which is symmet-
ric),

ε =
∑∑

i<j Dij

(3N − 1)3N/2
. (15)

The normalization constants Ci are calculated from β ′ as

Ci =
√√√√ 1

1 + β
′2

∑
i �=j

D2
ij

DiiDjj

. (16)

III. SIMULATION METHODOLOGY

We have evaluated the performance of the different ap-
proaches by running equilibrium BD simulations of linear
bead-and-spring chains with N ranging from 10 to 210 beads.

For the sake of simplicity and because we are not interested in
any particular system, all polymer related quantities are given
in reduced units. The length unit is the equilibrium root-mean-
square Gaussian spring length, b, the energy unit is kBT , and
the time unit is ζb2/kBT (being ζ the bead friction coeffi-
cient).

A. Chain models

We have employed in this work three bead-and-spring
models:

(a) Model 1: Chain with Hookean springs and Lennard-
Jones potential between nonbonded beads.

It is a classical model widely used to represent flexible
polymers like polystyrene. The beads of the model are con-
nected to their first neighbors by springs whose force modulus
is

Fcon1 = HQ, (17)

where Q is the instantaneous spring length. The spring con-
stant of the Gaussian model is H = 3kBT /b2 that in our unit
system becomes H = 3. Besides, we have also carried out
simulations with H = 6 for the purpose that will be described
below.

Also, we consider excluded volume (EV) between non-
bonded beads i and j separated a distance rij by using
a Lennard-Jones (LJ) potential whose corresponding force
modulus is given by

Fev1 = 24εLJ

rij

[
2

(
σLJ

rij

)12

−
(

σLJ

rij

)6
]

. (18)

The LJ parameters in our unit system take the values εLJ

= 0.3 and σLJ = 0.8 which have been employed previously
when working with some Gaussian linear chain models.25 Ex-
cluded volume interactions facilitates the implementation of
the Fixman method because it prevents excessive overlap.13

The dimensionless bead radius was set σ = 0.256 which
corresponds to a value of the hydrodynamic parameter h∗

= 0.25, typical value used in the Gaussian chain model.1

Apart from its simplicity and wide applicability, the great
conformational variability of the Gaussian model and the
presence of some degree of overlap makes it an appropriate
“worst case” to test the performance of Chebyshev-based pro-
cedures.

(b) Model 2: Chain with harmonic springs among all
beads (full EV chains).

It is the same model employed by Geyer and Winter
to test its algorithm.14 According to this model, consecutive
beads are connected by springs with the following force mod-
ulus:

Fcon2 = H (Q − 3σ ), (19)

where Q is the instantaneous spring length and σ is the bead
radius. In this model, beads are prevented from overlapping
by imposing a repulsive (excluded volume) harmonic poten-
tial between all beads analogous to the setup of Ermak and
McCammon.9 That harmonic potential acts when interbead
distance, r , is less than bead diameter, and its force modulus
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is

Fev2 = H (r − 2σ ) for r < 2σ. (20)

Following Geyer and Winter,14 the dimensionless bead radius
was set σ = 1 and the dimensionless spring constant was set
to the rather stiff value H = 100 for both interactions.

(c) Model 3: Wormlike chain.
The wormlike (or Kratky-Porod) chain model26 is com-

monly used to capture the behavior of polymers with cer-
tain stiffness such as polysaccharides and other biological
macromolecules. In simulation works, it can be represented
as a bead-and-spring chain with stiff connector springs and
a bending potential between successive connectors.27 Thus,
the first neighboring beads are connected by stiff harmonic
springs with the following force modulus,

Fcon3 = H (Q − Qeq), (21)

where Q is the instantaneous spring length. The dimension-
less equilibrium spring length was set Qeq = 1, and the di-
mensionless spring constant was set H = 100.

Second neighboring beads are connected by harmonic
springs that represent bond angles with a force modulus given
by

Fang3 = K(α − α0), (22)

where α is the instantaneous bond angle (in radian) subtended
by two consecutive connectors, α0 = π rad is the equilibrium
bond angle, and K = 10 (in dimensionless form) is the an-
gular spring constant which determines the chain persistence
length, P , i.e., the chain parameter associated to the macro-
molecular intrinsic flexibility. The value assigned here to the
angular constant gives rise, in general, to semirigid chains
for which the occurrence of overlap is unlikely. Of course,
the actual stiffness of the chain will depend on the ratio of
the chain contour length, Lcont , to the persistence length, P ,
which can be obtained from our dimensionless parameters as
Lcont/P = (N − 1)/2K (the larger Lcont/P , the larger flexi-
bility). As in model 1, the dimensionless bead radius was set
σ = 0.256.

B. General simulation details

As it is customary,1 we use the hydrodynamic Rotne-
Prager-Yamakawa tensor21 to build the macromolecular diffu-
sion tensor. That tensor fulfills the condition of being positive-
semidefinite for every polymer chain conformation and be-
comes the well-known Oseen tensor when the ratio of the
bead radius to the inter-bead distance tends to zero. The di-
mensionless integration time step was �t = 10−4, indepen-
dently of the chain model employed. For the sake of gener-
ality and in order to evaluate the efficiency of the different
algorithms in the worst possible situation, the diffusion tensor
was updated every time step.

Initial conformations for every case were generated at
random avoiding overlap of the beads. Then, those initial con-
formations were equilibrated by running long enough simu-
lations without HI (otherwise equilibration time becomes too
long). The final random coil conformation is taken as the start-
ing point for the subsequent simulation with HI.

The polymer properties computed in this work are the
radius of gyration, Rg, and the translational diffusion coeffi-
cient, Dt . Rg is not affected by the inclusion of HI but can
show if the employed HI approximation introduces static per-
turbations to the polymer conformations. Dt is a dynamic
property that depends on HI and serves to detect if a given
HI procedure is not correct. We calculate the dimensionless
mean-squared radius of gyration 〈s2〉 as26

〈s2〉 = 1

N

N∑
i=1

〈
s2
i

〉
, (23)

where s2
i is the square modulus of the vector joining the chain

center of mass with the bead i. Then, the radius of gyration is
Rg =

√
〈s2〉. The dimensionless translational diffusion coef-

ficient is calculated by the Kirkwood formula,26

Dt = 1

3N2

∑
ij

T r(〈Dij 〉), (24)

that yields the so-called short time diffusion coefficient,28

and has been used by some authors to test the Chebyshev
procedure.13

The relaxation times of our large flexible chains are high,
and then the simulations must be quite long to get accurate
steady-state property values. In order to speed up the process,
we ran, for a given N , several parallel independent simula-
tions. Thus, the total duration of those simulations is equiva-
lent to run a long enough single simulation. Then, steady-state
properties were calculated averaging over all of the simula-
tions. The computational tasks were carried out in a high per-
formance computing cluster which allowed us to run simulta-
neous simulations. We can be sure that the simulations were
long enough and well equilibrated because values of the com-
puted properties (Rg and Dt ) did not change in increasing the
trajectory length and kept fluctuating around their averages.

The Cholesky decomposition, the eigenvalue calculation,
the matrix and vector operations, and the generation of ran-
dom numbers were performed with the respective subroutines
of the well-known and tested public-domain software package
LAPACK.

C. Chebyshev-based simulation details

In this paper, we are going to test two Chebyshev-based
procedures. In order to identify them, we will use the names
of the first authors of the papers where they were presented
and checked: Chebyshev-Kröger procedure12 and Chebyshev-
Jendrejack procedure.13

1. Chebyshev-Kröger procedure

As already noticed by Fixman11 and commented in
other works,12, 13 the computation of the eigenvalues of
the diffusion tensor for each conformation, coupled with a
Chebyshev polynomial expansion at each conformation, does
not save computational time compared to the exact Cholesky
decomposition. In its original work, Fixman11 circumvented
this difficulty by using a preaveraged HI tensor to obtain a
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maximum and a minimum eigenvalue at the onset of the simu-
lation, which are expected to be, respectively, upper and lower
bounds for every possible eigenvalue range of the conforma-
tional dependent diffusion tensor. Then, those bound values
are kept and used during the whole simulation, thus avoid-
ing to recalculate eigenvalues during production runs. Kröger
et al.12 use that approach to get approximate upper and lower
eigenvalue bounds, �max and �min, respectively. In order to
ensure the validity of those bounds during the course of the
simulation, they take twice the maximum and half the min-
imum eigenvalues coming from the preaveraged HI tensor
as upper and lower bounds, respectively. Those authors still
simplify further the calculations by deriving some equations
to calculate �max and �min avoiding the explicit preaverag-
ing procedure. However, those equations are valid for their
Zimm model but not for our excluded volume chains. There-
fore, when testing the Kröger procedure, we get the eigen-
value bounds from the preaveraged diffusion tensor. That
tensor is built by running initially a simulation without hy-
drodynamic interaction which is quick and allows for evalu-
ating the conformational averages 〈1/rij 〉 used to determine
the components of the preaveraged diffusion tensor.

The accuracy of the Fixman method depends on the num-
ber of terms in the Chebyshev polynomial expansion. The
maximum polynomial order required for a given accuracy in-
creases roughly as (�max/�min)1/2.11 Kröger et al.12 calculate
the polynomial order to be kept during the whole simulation
as

L =
(

�max

�min

)1/2

+ 1, (25)

where L takes the truncated integer value.

2. Chebyshev-Jendrejack procedure

The use of constant eigenvalues during the simulation is
valid as long as they are actual bounds for all possible eigen-
values since it ensures that the eigenvalues of the tensor E (see
Eq. (5)) belong to the interval [−1,1], necessary condition to
apply the Chebyshev expansion. However, there is not gen-
eral guarantee that during the simulation the eigenvalues will
remain within the calculated bounds. Jendrejack et al.13 have
developed a method to control that the eigenvalues are cor-
rectly bounded and to determine an appropriate order of the
Chebyshev polynomial, L. For that purpose, they introduce
the relative error Ef derived from the approximated random
displacements, y, the uncorrelated Gaussian random vector,
dw, and the diffusion tensor, D, (see Eqs. (1) and (8) for the
definition of those quantities),

Ef =
√

| y · y − dw · D · dw |
dw · D · dw

. (26)

According to the method, Ef is computed (with negligi-
ble additional cost) after each Chebyshev iteration (11) and
compared to a chosen threshold value, Ef,thr , which we
set Ef,thr = 10−3 following some previous works.13, 14 If the
value of L is not high enough or the maximum and minimum
eigenvalues being employed, λmax and λmin, are not actual
bounds of the current eigenvalue spectrum, Ef will exceed

Ef,thr . If it occurs, the simulation step is rejected and a new
one is given by using L = L + 1 and keeping λmax and λmin.
If the new L employed reaches a chosen upper value, Lup, and
Ef remains above Ef,thr , then λmax and λmin are recalculated
by diagonalization of the current diffusion tensor (and the lim-
iting value Lup is doubled). On the other hand, if Ef ≤ Ef,thr ,
the step is accepted, and Lup = L + 3 is used for the next iter-
ation, where L is the polynomial order used to get Ef below
Ef,thr .

IV. RESULTS

A. Comparison of polymer properties

In order to evaluate how the different approximations
to the factorization of the diffusion tensor (Chebyshev-based
and TEA-based procedures) compare to the exact Cholesky
decomposition, we use Rg =

√
〈s2〉 and Dt taking the val-

ues coming from Cholesky-based simulations as the reference
values used to express the deviations of the other procedures.
For a given N , every simulation had the same duration (same
number of steps), independently of the HI procedure used.
The number of simulation steps was varied according to N

(the higher N the higher the number of steps) in order to get
reference values of Rg and Dt with small error (standard de-
viation).

1. Influence of bead overlap (Gaussian chain model)

The Gaussian chain (model 1 with H = 3) including
some kind of excluded volume potential is generally used
to capture the equilibrium dilute solution behavior of flex-
ible macromolecules under different solvent conditions and
therefore it is an interesting model to test the performance of
HI approaches. Thus, most of the results of this paper con-
cern to the comparison of the different HI algorithms when
applied to Gaussian chains. Table I illustrates some results
for the case N = 70 which is a representative intermediate
value of N . As appreciated, the statistical error (fluctuation)
of the calculated values are less than 1% independently of the
HI approximation used, which means that simulations were
long enough. In that table, the absolute value of the relative
difference (| %diff |) of each property respect to the refer-
ence Cholesky-based result is also shown. At first sight, it
seems that results from Chebyshev-based procedures agree
with each other but tend to diverge from results coming from

TABLE I. Relative differences (based on values of Rg and Dt ) between the
Cholesky procedure and the other HI procedures. Model: Hookean springs
with H = 3 and LJ potential.

Hookean+LJ chains (model 1); H = 3, N = 70

Procedure Rg ∼| %diff | Dt ∼| %diff |
Cholesky 4.33 ± 0.03 ... 0.0870 ± 0.0003 ...
Chebyshev- 3.85 ± 0.01 11.2 0.0938 ± 0.0001 7.8

Kröger 3.85 ± 0.01 11.2 0.0938 ± 0.0001 7.8
Chebyshev- 3.89 ± 0.01 10.2 0.0933 ± 0.0001 7.3

Jendrejack
TEA 4.24 ± 0.01 2.0 0.0856 ± 0.0001 1.5
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TABLE II. Relative differences between the Cholesky procedure and the
other HI procedures for several N values. Model: Hookean springs with H

= 3, H = 6, and LJ potential.

Hookean+LJ chains (model 1), ∼| %diff | for Rg

H = 3 H = 6

Chebyshev- Chebyshev- Chebyshev- Chebyshev-
N Kröger Jendrejack TEA Kröger Jendrejack TEA
10 3.2 3.3 1.1 3.8 3.7 2.4
30 5.3 5.1 0.3 8.2 7.7 2.1
70 11.2 10.2 2.0 18.6 17.9 0.7
120 16.2 16.6 8.3 29.3 28.7 5.0
160 18.0 17.4 10.6
210 22.6 21.3 12.4

Hookean+LJ chains (model 1), ∼| %diff | for Dt

H = 3 H = 6

Chebyshev- Chebyshev- Chebyshev- Chebyshev-
N Kröger Jendrejack TEA Kröger Jendrejack TEA
10 2.3 2.3 1.3 2.7 2.7 1.6
30 3.9 3.7 1.8 5.1 4.8 2.9
70 7.8 7.3 1.5 12.3 11.9 2.9
120 12.4 12.5 0.7 22.0 21.6 1.3
160 14.0 13.4 2.0
210 19.0 17.7 3.5

Cholesky and TEA procedures which in turn agree reasonably
well. Table II shows | %diff | obtained by varying N and H

to check the influence of those chain parameters.
The first thing to notice is that, independently of N and

H , the two Chebyshev-based procedures give rise to sim-
ilar results which present higher errors than those coming
from TEA-based calculations for all of the cases. Thus, on
the one hand, the Chebyshev-Kröger procedure seems prefer-
able for near equilibrium simulations than the more sophisti-
cated Chebyshev-Jendrejack approach if we take into account
that the Gaussian model is candidate to violate the eigen-
value limits due to its high conformational variability and the
Chebyshev-Jendrejack procedure does not improve results.
On the other hand, the TEA approach is more stable with re-
sults closer to those coming from the Cholesky-based algo-
rithm.

Also, it can be appreciated that relative differences with
respect to the reference results increase dramatically with
N for Chebyshev-based procedures. That trend is especially
meaningful for Dt , a quantity directly related with the HI ef-
fect and whose calculation is more stable than Rg. One can
wonder if the order of the Chebyshev polynomial expansion,
L, has some influence on that behavior. It is clear that the or-
der needed for a given accuracy must increase with N because
the conformational variability increases, the relaxation time
spectrum is broader, and the ratio between the maximum and
minimum eigenvalues of the diffusion tensor (see Eq. (25))
increases accordingly. Another factor that contributes to in-
crease the value of L needed for a given accuracy is the
presence of overlap between beads of the chain because the
minimum eigenvalue tends to decrease13 (a complete over-
lap would make λmin = 0 and L infinity), and it happens that
the Gaussian model allows for a certain amount of overlap be-

TABLE III. Typical values of Chebyshev polynomial order L according to
N . Model: Hookean springs with H = 3 and LJ potential.

Hookean+LJ chains (model 1); H = 3

Chebyshev-Kröger Chebyshev-Jendrejack

N L (fixed) Lmean Lmax

10 5 14 75
30 7 18 84
70 8 24 114
120 9 27 112
160 10 29 115
210 11 32 126

tween beads connected by springs (although excluded volume
between nonbonded beads is considered). Table III shows typ-
ical values of L in our simulations for different values of N .
In the Chebyshev-Kröger procedure, L is a fixed value calcu-
lated at the beginning of the simulation with Eq. (25), but in
the Chebyshev-Jendrejack procedure L fluctuates along the
simulation and therefore we have decided to show two rep-
resentative values: the mean value, Lmean, and the maximum
value reached during the simulation, Lmax .

Incidentally, the inclusion of higher order terms in
the Chebyshev expansion contributes to increase round
off errors rather than to improve the results, but it does
not explain the big errors associated to high values of
N (above 15% even for Dt ), mainly taking into account
that L values in the Chebyshev-Kröger procedure were
about one third of those corresponding to the Chebyshev-
Jendrejack procedure (see Table III) but errors are similar (see
Table II). Moreover, as we show below, results obtained
from Chebyshev-based procedures for models without over-
lap (models 2 and 3) are quite in agreement with Cholesky-
based predictions but the L values employed there were
similar to those shown in Table III. For instance, the har-
monic spring model with full excluded volume (model 2)
and N = 160 required L = 9 for the Chebyshev-Kröger pro-
cedure (close to L = 10 in Table II) and Lmean = 21 for
the Chebyshev-Jendrejack procedure (close to Lmean = 29
in Table II). It is also worth mentioning that, due to the less
conformational variability of the model 2, the range of L val-
ues needed when using the Chebyshev-Jendrejack procedure
with that model was much narrower than for the model 1,
which will have influence on the algorithm efficiency as com-
mented in Sec. IV B.

After the above considerations, it seems that the amount
of deviation respect to the expected Cholesky-based result is
related with the overlap itself, and more particularly with the
number of overlapping situations occurring during the simu-
lation which, although globally small, increases with N . One
way to test that assumption is by increasing the overlap in the
bead-and-spring chain model employed. That can be realized
by using non-Gaussian chains with H > 3 which will shorten
the average spring length and increase the overlap frequency
(for example, we found about the double overlap frequency
for H = 6 than for H = 3 when using Hookean dumbbells,
although both values of H gave rise to similar mean over-
lap volume). Thus, we carried out equilibrium simulations
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with bead-and-spring chains setting the Hookean spring con-
stant to H = 6. As observed in Table II, for a given N , rela-
tive errors for chains with H = 6 are higher than relative er-
rors for chains with H = 3 (clearly observed for large N for
which the ratio of relative errors is significative). On the other
hand, the values of L needed for both type of chains were
similar, slightly higher for the chain with H = 6 due to the
higher overlap occurrence (for instance for N = 120 and the
Chebyshev-Jendrejack procedure Lmean = 27 for H = 3 and
Lmean = 30 for H = 6). Thus, the comparison of bead-and-
spring chains with different H seems to confirm that the devi-
ation of the results when using Chebyshev-based procedures
is due to the overlap itself, and the value of L has practically
no influence.

We have calculated the average amount of overlap along
every simulation finding that it does not practically depend
on the BD algorithm but on the chain model. For the present
model 1 with H = 3, we have obtained that the number of
overlapping situations occurring within a chain, averaged over
the simulation trajectory, increases monotonically with N in
such a way that the percentage of overlap, defined as the av-
erage number of overlaps relative to the number of beads
in the chain, keeps more or less constant and around 10%.
That amount of overlap, although significant, is not much and
therefore conclusions of this work should not be straightfor-
wardly extrapolated to models with a high amount of over-
lap. These findings along with the monotonically increase of
| %diff | with N for the Chebyshev-based procedures (see
Table II) lead again to conclude that those procedures are
directly affected by the existence of overlap. However, for
the TEA approach, | %diff | keeps fluctuating for a range
of N and then it starts to increase when N is high enough.
Therefore, it seems that every single overlap has much smaller
influence on the TEA algorithm than on the Chebyshev-
based algorithms. We think that the critical point of the TEA
procedure is the assumption of weak hydrodynamic cou-
pling. If that approximation greatly fails, which is likely to
occur when N is large enough, then the results from the
TEA approach start to diverge appreciably from the reference
results.

The comparison of the behavior of polymer properties
obtained through the different HI algorithms is appreciated in
Figs. 1(a) and 1(b) (where error bars are smaller than sym-
bol size). They are log-log plots showing the evolution of Rg

and Dt with N for our chain model with Lennard-Jones po-
tential. In general, data coming from the different approxi-
mations tend to deviate from the reference data coming from
the Cholesky-based algorithm as N is higher. However, val-
ues of Dt coming from the TEA-based algorithm are quite
close to the reference data which indicates that the TEA ap-
proach manages to capture the hydrodynamic interaction ef-
fect in structures with certain overlap. The slopes of the log-
log plots (exponents of the power laws relating properties with
molecular weight) are close to the value predicted for theta
conditions:26 〈Rg〉 ∝ N0.5 and Dt ∝ N−0.5. Indeed, a theta
behavior is suggested by Ref. 25 according to the values of
the Lennard-Jones parameters employed in the chain model
1, although the chains studied here are not of the same type
and length as those tested in that work.

FIG. 1. Log-log plots of (a) 〈Rg〉 vs. N and (b) Dt vs. N , obtained for
Gaussian chains with a LJ potential by using different BD-HI algorithms.

2. Chains without bead overlap

Above results indicate that TEA-based procedure can be
applied to chain models that present some (but not too much)
overlap for which Chebyshev-based procedures are not ap-
propriate, mainly taking account that Chebyshev-based pro-
cedures become practical (in comparison to Cholesky-based
procedures) at values of N where the overlap is significative.
For the sake of completeness, we will now present some few
results for the models 2 and 3 for which we have got about
0% of overlap. Simulations that avoid overlap (either due to
the chain model itself14 or the simulation conditions12) are
usually employed to test HI approximations because they fa-
vor their correct work so that one can find many results in
previous works.12–14 First, we have tested a model like that
employed by Geyer and Winter14 (model 2 in Sec. III). That
kind of chain model is not as usual as the Gaussian chain but
it serves as a test for our implementations since it is known
that all of the HI approaches used in this work must yield
results close to those obtained by the Cholesky-based proce-
dure even for large chains.14 Table IV (analogous to Table II)
shows the differences of Rg and Dt relative to their reference
Cholesky-based values for two high values of N . As observed,
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TABLE IV. Relative differences between the Cholesky procedure and the
other HI procedures for several N values. Model: Chain with harmonic
springs between all pair of beads. (Ref. 14).

Full EV chains (model 2), ∼| %diff | for Rg

Chebyshev- Chebyshev-
N Kröger Jendrejack TEA
70 1.8 1.3 3.1
160 4.0 5.5 5.6

Full EV chains (model 2), ∼| %diff | for Dt

Chebyshev- Chebyshev-
N Kröger Jendrejack TEA
70 1.1 1.2 4.3
160 3.2 5.4 6.2

for this model without overlap, all of the approximations work
similarly well with small errors about 5% (the errors of the
Chebyshev-based procedures being even smaller than those
of the TEA approach). This further confirms that the presence
of overlap is the main responsible for the big deviations of
Rg and Dt (respect to their Cholesky-based values) found for
high N values in our Chebyshev-based simulations.

A model much more usual than the previous one to rep-
resent semiflexible macromolecules is the wormlike chain.
Then, it may be of interest to test the performance of the
different HI approaches for wormlike chains. A way of sim-
ulating that model is by using a bead-and-spring chain like
the model 3 described in Sec. III Table V shows the val-
ues of | %diff | obtained for a couple of values of N for
which the ratio Lcont/P < 5 what implies high rigidity (see
description of model 3 above). The results obtained from
the HI approximations are close to their reference Cholesky-
based values because those wormlike chains have the neces-
sary rigidity to prevent overlap between any two beads. Sur-
prisingly, it seems that the Chebyshev-based procedures, both
of which give again practically the same results, work better
than TEA-based procedure for this model. Therefore, the use
of Chebyshev-based algorithms when working with wormlike
chains, widely employed to simulate semiflexible biological
macromolecules, can be a good option.

The fact that the TEA approach performs a bit worse than
the Chebyshev-based procedures (although %diff is still small

TABLE V. Relative differences between the Cholesky procedure and the
other HI procedures for several N values. Model: Wormlike chain.

Wormlike chains (model 3), ∼| %diff | for Rg

Chebyshev- Chebyshev-
N Kröger Jendrejack TEA
30 1.2 1.1 4.7
70 3.8 2.8 12.5

Wormlike chains (model 3), ∼| %diff | for Dt

Chebyshev- Chebyshev-
N Kröger Jendrejack TEA
30 0.3 0.3 0.6
70 0.8 0.4 3.0

FIG. 2. Runtime behavior of different BD-HI algorithms for Gaussian chains
with a LJ potential as a function of the chain length. (a) Linear plots and
(b) log-log plots.

and the approach continues being reliable), seems to con-
firm the hypothesis that the deviation of the TEA approach
is mainly due to the failure of the weak hydrodynamic in-
teraction approximation which would occur at high N . That
may be also the reason to obtain a performance of the TEA
approach that seems quite independent on the chain model.
Instead, the main source of deviation for the Chebyshev-
based procedures, i.e., the presence of overlap, is absent in the
models 2 and 3.

B. Comparison of runtime efficiency

An important aspect to consider in testing algorithms is
their efficiency to get results within a reasonable time. For
the four BD-HI algorithms tested here, we have measured
the duration of 106 Brownian steps when running simulations
of Gaussian chains (model 1, H = 3) with different N on a
3.0 GHz Intel Xeon Quad-Core L5450. Figure 2(a) shows the
plots obtained after representing jointly the CPU time data
corresponding to the different HI approaches so that their run-
time behavior can be easily compared. As observed, TEA and
Chebyshev-Kröger procedures are by far the fastest ones for
all of the N values tested (although TEA is slightly faster).
As expected, the Cholesky-based procedure takes longer than

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



084116-9 Comparison of BD–HI algorithms J. Chem. Phys. 135, 084116 (2011)

the two just mentioned procedures and its CPU time increases
dramatically with N . Surprisingly, the Chebyshev-Jendrejack
procedure is even less efficient than the Cholesky procedure
for all of the N values tested. That bad efficiency has to do
with the existence of overlap which tends to increase the value
of the polynomial order L needed for a given precision. Obvi-
ously, both Chebyshev-based procedures will be affected neg-
atively by such an effect. However, as observed in Table II for
every N , the characteristic Lmean values in the Chebyshev-
Jendrejack procedure are about three times the fix L used
in the corresponding Chebyshev-Kröger procedure. Further-
more, some particular L values employed in the Chebyshev-
Jendrejack procedure (see Lmax in Table II) are exceedingly
high and, although they do not appear often during the sim-
ulation, they contribute to make the simulation time longer
than the time taken by the Cholesky procedure. The reason is
the high number of successive failed simulation steps given
before the appropriate L is found (see the description of the
Chebyshev-Jendrejack procedure above). That drawback is
less critical when the Chebyshev-Jendrejack procedure is ap-
plied to models without overlap. For them, the total number
of failed simulation steps is not so high because Lmean val-
ues are smaller than those associated to the analogous chains
with overlap and, more important yet, Lmax values are very
close to the corresponding Lmean for every case. For instance,
we found Lmax = 30 and Lmean = 21 for a fully excluded
volume chain (model 2) with N = 160 whereas simulations
with an equivalent Gaussian chain required L values up to
Lmax = 115, being Lmean = 29. The smaller L values needed
to give the simulation steps lead to simulation times in be-
tween the fastest approaches (TEA and Chebyshev-Kröger)
and the Cholesky procedure as obtained by other authors.14

Of course, a decrease of the prescribed accuracy (i.e., higher
Ef,thr ) will result in smaller Lmean and Lmax and therefore
faster simulations, but still the Chebyshev-Jendrejack proce-
dure will be slower than the Chebyshev-Kröger procedure. In
conclusion, the TEA procedure is the most efficient and the
Chebyshev-Kröger procedure is preferred to the Chebyshev-
Jendrejack procedure if one wishes to carry out equilibrium
simulations using the Chebyshev polynomial expansion.

Finally, we try to get some kind of power relation-
ships between the CPU time and the number of beads,
tCPU = qNa , when using the chain model 1. As ap-
preciated in Fig. 2(b) (same as Fig. 1(b) in double-
logarithmic scale), the different plots are close to linear-
ity and one can estimate the exponents of the power laws
from their slopes and the pre-exponential factors from
their intercepts. In that way, we got tCPU(Cholesky) � 0.5
× 10−3N2.8, tCPU(Chebyshev-Kröger) � 2.9 × 10−3N2.04,
and tCPU(TEA) � 3.7 × 10−3N1.94. The values of the ex-
ponents are slightly smaller than those predicted theoret-
ically, i.e., 3 for Cholesky, 2.25 for Chebyshev,12 and 2
for TEA,14 because the theoretical predictions are made for
larger values of N than those used here. For the Chebyshev-
Jendrejack procedure we got tCPU(Chebyshev-Jendrejack) �
1.3 × 10−3N2.7, i.e., an exponent closer to 3 than to 2.25
as a consequence of the inefficient searching for the right
L when overlap occurs. As observed in Fig. 2(b), the dif-
ferent plots will cross at some threshold N , Nthr , due to

their different slopes and intercepts. Then, using the previ-
ous power laws one can estimate the value of Nthr for ev-
ery couple of algorithms, i.e., the value of N above which
their relative efficiency change or, in other words, the value
of N at which their respective CPU times equal. Thus, if
tCPU,1 = q1N

a1 and tCPU,2 = q2N
a2 for algorithms 1 and 2,

we have Nthr = (q1/q2)1/(a2−a1) for those algorithms. For in-
stance, the crossover between the most efficient TEA algo-
rithm and the reference Cholesky algorithm occurs at Nthr

= 10 (and a similar threshold N is obtained for the
Chebyshev-Kröger procedure). Therefore, from the point of
view of CPU time, TEA algorithm is the right choice for most
of the practical cases. On the other hand, the N value for
which the Chebyshev-Jendrejack approach becomes more ef-
ficient than Cholesky procedure turns out to be Nthr = 720,
a much higher value than those tested here and out of the
range of many typical applications. We remark once more that
the above results were obtained using Gaussian chains which
are a “worst case” for Chebyshev-based procedures due to
overlap.

V. CONCLUSIONS

We have tested the behavior of different strategies com-
monly used when fluctuating HI is included in Brownian
dynamics simulations. Those strategies are based on one of
the following mathematical approaches aimed to manage the
square root of the diffusion tensor: Cholesky decomposition,
Chebyshev polynomial expansion, and TEA. For that pur-
pose, we have performed equilibrium simulations of bead-
and-spring chains with different flexibility and up to 210
beads. If we compare polymer property values and related
power laws coming from algorithms that use mathematical
approximations with those coming from the exact Cholesky
decomposition, we conclude that the TEA approximation pro-
posed by Geyer and Winter is the most appropriate one tak-
ing into account that it can be reliably applied to a variety
of models including those presenting some overlap. Instead,
Chebyshev-based algorithms become appropriate when the
overlap is avoided as it occurs, for instance, in simulations
of flexible chains subjected to an external agent that keeps the
chain elements apart or in equilibrium simulations of semi-
flexible structures like weakly bending rods often associated
to biological macromolecules. Concerning the efficiency of
the different algorithms, TEA approximation is without ex-
ception the best option: it is the fastest algorithm and, in addi-
tion, it requires much less computer memory than the other
algorithms which need to perform large matrix and vector
operations. The Chebyshev-based algorithms become clearly
more efficient than Cholesky-based algorithms if some up-
per and lower bounds for the eigenvalues of the diffusion ten-
sor can be found at the beginning of the simulation and kept
constant. That is possible provided that the chain conforma-
tion do not vary much during the simulation. Thus, that type
of Chebyshev-based algorithm can be suitable when simulat-
ing quasirigid or semiflexible chains at equilibrium or steady
state.

In conclusion, in simulations of large macromolecular
systems where hydrodynamic interactions must be included
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without paying a prohibitive computational cost, the recently
proposed TEA approximation is a convenient and attrac-
tive option to use. Indeed, taking into account both reliabil-
ity and efficiency together, it seems the most advantageous
approach. Instead, Chebyshev-based approximations, com-
monly employed till now when treating with large macro-
molecular systems, are useful if overlap does not practically
occur. In any case, it must be remarked that those conclusions
were obtained from models that represent simple flexible lin-
ear chains with small amount of overlap (around 10% at the
most). Therefore, they may not be applicable to more sophis-
ticated models as those used to represent intrinsically struc-
tured macromolecules like many proteins with a huge amount
of inherent overlap. Further investigations are needed to test
the performance of the different approaches when using mod-
els that include “biologically realistic” overlaps. On the other
hand, HI algorithms using the exact Cholesky decomposition
are useful to check the validity of HI approximations for par-
ticular macromolecular models. Finally, we should not for-
get that Cholesky-based algorithms can be speed up by us-
ing some strategies like keeping fix the diffusion tensor for a
block of consecutive time steps and using parallel computing.
Therefore, they have still an important role to play in the field
of Brownian dynamics simulations.
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