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Abstract The determination of the intrinsic viscosity
by single-point determinations, like that based on the
Solomon–Ciuta equation, have been proposed as efficient alternatives to dilution procedures. With a basis
on theoretical analysis and computer simulation, we
evaluate the systematic and global bias of the Solomon–
Ciuta result and show how it depends on the strength of
the concentration dependence of the solution viscosity
(represented by the intrinsic viscosity and the Huggins
constant) and the concentration of the single measured
solution. We propose that an estimated Huggins constant can be employed in a corrected Solomon–Ciuta
procedure, which may yield results for the intrinsic
viscosity that are even more accurate than those from
the Huggins extrapolation. This gives support and utility to the use of the single-point procedure when the
intrinsic viscosity has to be determined for a unique
concentration. We also pinpoint specific circumstances
where the dilution–extrapolation procedures should be
preferred.
Keywords Error calculation · Intrinsic viscosity ·
Huggins · Solomon–Ciuta

Introduction
As it is widely known, one of the most salient features
of macromolecules is the intense increment in viscosity
that they produce when, even in minute amounts, they
are dissolved in ordinary solvents. The viscosity intensifying effect, characterized by the intrinsic viscosity,
[η], is extensively used for analysis or characterization
of synthetic polymers [1–3], biological macromolecules
[4, 5], nanoparticles, and colloids [6]. Indeed, [η] provides information about fundamental properties of the
solute and its interaction with the solvent [7–9] and,
thanks to theoretical or computational tools, it can be
precisely related to the conformation of flexible (linear
and nonlinear) chains [10–13], wormlike macromolecules and micelles [14–16], and rigid particles of arbitrary shape [17, 18].
The increment in the solution viscosity, η, with respect to that of the pure solvent, η0 , the relative viscosity, is the ratio ηr = η/η0 . The specific viscosity of
a solution of concentration c is
ηsp = (η − η0 )/η0 = ηr − 1

(1)

and the intrinsic viscosity is defined as:
ηsp
ηr − 1
= lim
c→0 c
c→0
c

[η] = lim
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(2)

A classical procedure for its determination, based on
Eq. 2, consists of the determination of viscosities of
solutions of various concentrations, followed by extrapolation of ηsp /c to zero concentration. In a range of
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moderate concentrations, the dependence is linear and
can be written as the Huggins equation [19]:

Basic theory

ηsp
= [η] + k H [η]2 c
c

In general, the concentration dependence of the solution viscosity can be expressed as a Taylor expansion:

(3)

where k H is the (dimensionless) Huggins constant.
Thus, [η] can be obtained as the intercept in a linear
least-squares fit [20]. The measurements are usually
made with inexpensive glass capillary viscometers that,
like the Ubbelohde design, allow for in situ dilution,
and it is noteworthy that microfluidic, microchip-based
dilution viscometers are emerging [21].
The Huggins extrapolation procedure follows from
the first principles of the concentration-dependence of
the solution viscosity. However, other combinations of
solution viscosity and concentration can be formulated
so that, in the limit of zero-concentration, they also give
[η]. One of such cases is that of the Solomon–Ciuta
[22, 23] equation,
[2(ηsp − ln ηr )]1/2
[2(ηr − 1 − ln ηr )]1/2
[η] =
=
c
c

(4)

In some instances – but not always, as it will be shown
hereafter – such alternative combinations may present
a rather weak concentration dependence, so that the
value resulting from the measurement for a single concentration may provide a good approximation to [η].
This gives rise to the so-called single-point procedures
that avoid multiple measurements and extrapolation. In
addition to saving work and reagents, such methods are
the only choice when multiple dilutions are not feasible
or practical. This is the case when measurements have
to be done online, as in the viscosity detectors used
in gel permeation or size exclusion chromatography
(SEC) and flow field fractionation (FFF). The development of the pressure imbalance differential viscometer
(a fluid analogue of the electric Wheatstone bridge)
[24–26] that directly measures ηr has made possible
multiple-detection SEC instrumentation that is a powerful technique for the characterization of complex,
polydisperse materials.
The concepts underlying the various procedures for
the determination of the intrinsic viscosity are sometimes overlooked because they are either simple or classical. In particular, one aspect that, as far as we know,
has not been adequately described in the literature, is
that concerning the error or uncertainty in the intrinsic
viscosity; the instrumental errors will propagate [27] to
the final result for [η] in a manner that will obviously
depend on the procedure (choice of equation, extrapolation or single point, etc.) chosen for data-handling.
Such aspects are the topics considered in the present
paper.

η = A0 + A1 c + A2 c2 + ...

(5)

where A0 = η0 and A1 = η0 [η]. The Huggins equation
holds where the cubic and following terms in Eq. 5 can
be neglected, and then A2 = η0 k H [η]2 . In other words,
the Huggins equation is practically exact for a range
of concentration such that cubic and further terms can
be safely neglected. The dependence of η or ηr on c is
quadratic in this range. For ηr , we have
ηr = 1 + [η]c + k H [η]2 c2

(6)

Over a certain range of concentrations, and within a
given tolerance in the [η] value, the Huggins equation
must hold. We shall refer to a solution in this range as
a “Huggins solution,” and it will be used as the primary
reference for the analysis reported in this work.
Alternatively, [η] can be obtained by linear extrapolation of the so-called inherent viscosity, ηinh = (ln ηr )/c
according to the Kraemer equation [28]
ln ηr
= [η] − k K [η]2 c
c

(7)

where k K is the Kraemer constant. In the Kraemer plot,
(ln ηr )/c vs c, [η] is the intercept, and the slope should
be −k K [η]2 . It is frequent to display the [η] determination in a dual Huggins–Kraemer plot, and a simple
computer program (VISFIT) for the dual linear leastsquares fit with a common intercept has been developed [29].
It should be remarked that, for a Huggins solution,
the Kraemer equation may not be valid for the whole
range where the Huggins equation holds; one can see a
slightly curved Kramer plot where the Huggins plot is
linear. The Kramer plot is linear only at sufficiently low
concentrations. Then, the following relationship holds
between the dimensionless constants k H and k K ,
k H + k K = 1/2

(8)

We also remark that the validity of this relationship is
not conditioned by the nature of the polymer/system
solvent; instead, it is a merely mathematical consequence, valid regardless of the physical conditions of
the solution.
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On the assumption that the linear Huggins and
Kraemer equations would both be valid, Eqs. 3 and 7
can be combined in the following way:
ηsp
ln ηr
−
= (k H + k K )[η]2 c
c
c

(9)

and recalling the relation between the Huggins and
Kramer constant, Eq. 8, one immediately obtains the
Solomon–Ciuta expression, Eq. 4. This expression eliminates the concentration dependence of the Huggins
and Kraemer expression and is therefore an excellent candidate for single-point measurements. The
Solomon–Ciuta is strictly correct only when the linear
Huggins and Kraemer equations are both valid.
In general, the Solomon–Ciuta value will be deviated
somehow from the reference value, and this systematic
deviation will depend on the concentration dependence
for a particular solute/solvent system. Of course, the
global deviation or uncertainty will depend on the propagation of random, experimental errors. The former,
systematic part can be treated separately in a simple
manner, as described next.

Systematic differences among the various procedures
Mathematical aspects are simplified by the introduction
of reduced, dimensionless quantities. First, we use a
reduced concentration, C (capital) as:
C = [η]c

(10)

and we define the Huggins, Kraemer, and Solomon–
Ciuta functions, H, K, and S, as:
H = ηsp /([η]c) = ηsp /C

(11)

K = ln ηr /([η]c) = ln ηr /C

(12)

S = [2(ηr − 1 − ln ηr )]1/2 /([η]c)
(13)

The two latter are related to the former through
K = ln(1 + HC)/C

(14)

and

1/2
S = 2(HC − ln(1 + HC))
/C

H = 1 + kH C

(15)

We note that, at zero concentration, the three functions
are H = K = S = 1.

(16)

In these terms, the linear Kraemer relationship is written as:
K = 1 − kK C

(17)

However, if Eq. 16 is valid, Eq. 17 will be generally invalid, and, as a consequence, S would not
be concentration-independent. Actually, the concentration dependence of K is governed by
K = ln(1 + C + k H C2 )/C

(18)

and would only be linear, with the form of Eq. 17, under
the special situation when d2 K/dC2 = 0. This situation
will depend, of course, on the k H value (we have already mentioned that k K = 1/2 − k H in any case). It
has been reported [7, 8, 30] that such condition occurs
for a special case, when k H = 1/3.
The concentration dependence of K and S in the a
range where H is linear can be investigated easily by
plotting Eqs. 14 and 15. Such a range reaches at least
ηr ≈ 3, which corresponds to C ≈ 2. Plots of H, K, and
S vs C, for various values of k H are presented in Fig. 1.
As indicated above, our reference is a “Huggins
solution,” i.e., any solution at a moderately low concentration so that η is accurately described by Eq. 3 or
Eq. 5. Let us use the notation [η]SCsp for the outcome of
a single-point measurement expressed by the Solomon–
Ciuta equation (Eq. 4), while [η]ref would be the exact
or reference (Huggins) value. From Eqs. 4 and 13, it
follows that
[η]SCsp /[η]ref = S

and

= [2(ηr − 1 − ln ηr )]1/2 /C

We assume that the solution is in the concentration
range where the concentration dependence of the viscosity is adequately represented by a quadratic form,
thus obeying the Huggins linear relationship that, in
terms of the reduced quantities, reads, simply:

(19)

so that the systematic error or bias introduced by the
single-point Solomon–Ciuta method is determined by
the S function that has been introduced in the preceding section where we have computed S in terms of the
reduced quantities H, C, etc. We now return to the
quantities in physical units and note that S is a function
of k H and [η]c. The relative deviation of [η]SCsp from
the exact value, denoted as δ([η]SCsp ), is given by
δ([η]SCsp ) = ([η]SCsp − [η]ref )/[η]ref = S − 1

(20)

Its value in a percentage manner (100(S − 1)) is plotted in Fig. 2a as a function of the two variables k H
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Fig. 1 Plots of Huggins (H), Kraemer (K), and Solomon–Ciuta
(S) functions vs reduced concentration C, for Huggins solutions
with the indicated value of k H

and [η]c. The contour plots indicate clearly the deviation introduced by the Solomon–Ciuta expression; for
instance, a single-point Solomon–Ciuta determination
with a concentration c ≈ 1/[η] such that [η]c ≈ 1, for
a polymer/system having a Huggins constant k H = 0.6,
would overestimate [η] by about 10%. The systematic
error can be lowered by measuring at lower concentrations, albeit at the cost of an increase in accidental
random errors, as will be discussed below. However,
for a given concentration, the deviation is determined
by the Huggins constant. Remarkably, the single-point
Solomon–Ciuta procedure is exact (δ([η]SCsp ) = 0)
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Solomon–Ciuta method, as a function of k H and the reduced concentration. b Relative global error of the single-point Solomon–
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when k H = 1/3, due to the mathematical reasons indicated in the previous section, but the discrepancy may
be quite large in other cases. It is therefore pertinent to
gather information on the values of Huggins constant
for diverse systems.

Minireview on the Huggins constant
Experimental data for the Huggins constant, k H , are
abundant. However, this quantity is usually considered
as a secondary result in the determination of [η], and
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we have not found an adequate and extensive compilation of k H values for a variety of systems (to the
best of our knowledge, the most extensive collection is
that in the Polymer Handbook [31], where most data
pertain to flexible-chain, synthetic polymers). Then, we
have proceeded making such a collection of literature
data (see Table 1), which is just intended to provide
examples of values that one could expect, to be used for
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the evaluation of the procedures for the determination
of [η].
Flexible polymer chains posses k H values in the
range 0.2–0.8, most frequently about 0.3 in good solvents. This circumstance is very fortunate for the use
of the single-point, Solomon–Ciuta method, which,
as described above, is exact for k H = 1/3. Slightly
higher values, near 0.6 are found or predicted for theta

Table 1 Values of k H for several systems
System
Flexible chains
In good solvents
In good solvents, theory
In theta solvents
In theta solvents, theory
Denaturated proteins
Oligomeric propylene glycol M = 130–940 g/mol
Poly(isobutylene) M = 5,000 g/mol
Globular particles
Spheres (uncharged) theory
Silica spheres
Haemoglobin
Bovine serum albumin
Wormlike particles (from rod to coil)
Xanthan polysaccharide
Schizophyllum commune polysaccharide
Poly(hexyl isocyanate)
Non-globular (multidomain) particles
IgG antibody
Phycocianin (hexameric)
Myosin A
Fibrinogen
Aggregating, interacting macromolecules
Folch-Pi protein
IgG heteropolymer
Schizophyllan native/renaturated
Carboxymethylcellulose in acetonitrile-water-salts
Urease (polymerising)
Neurophysin
Silica rods
Chondroitin sulfates (possibly aggregating) I = 0.15 M
Rodlike particles
Theoretical
Theoretical
Light meromyosin
Fd virus
Polyamide oligomers
Polyelectrolytes/Polysaccharides
Alginate in varying ionic strength I = 0.2–0.005 M NaCl
Guar gum in monovalent ions/urea
Succinoglican 25/75 ◦ C
Poly(styrene sulfonate) M = 4.1 × 105 g/mol I = 10−1 − 10−3 M
Poly(styrene sulfonate) M = 1.1 × 106 g/mol I = 10−1 − 3 × 10−5 M
Chondroitin sulfates I = 0.15 M

kH

References

0.2–0.4
0.76
0.4–0.7
0.6
0.3–0.5
0.9–0.5
1.0

[31]
[31, 36]
[31, 37]
[31, 36]
[38]
[39]
[40]

0.69–0.80
1.0
0.81–0.93
0.89–1.42

[41, 42]
[43]
[44]
[45]

0.40–0.50
0.39–048
0.39–0.59

[46]
[47]
[48]

0.74–0.84
0.3
0.31
1.2

[49]
[50]
[51]
[52]

1.4, 8.4,...
0.6
0.2–0.6/1.6
2–25
40
3
3.5–4.2
0.004–0.24

[53]
[54]
[55]
[56]
[35]
[57]
[58]
[59]

0.75
0.4
0.64
1.54
1.0–1.7

[60]
[61]
[62]
[63]
[64]

0.35–0.55
0.5–0.6/0.9–1.3
0.34/0.44
0.8–2.0
0.4–7.9
0.004–0.24

[65]
[66]
[67]
[68]
[68]
[59]
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solvents. Clearly, the value of k H depends on the solvent quality that is related to the value of the osmotic
second virial coefficient, A2 . Yamakawa gives the following expression relating both parameters [32],


 
A2 M
1
1−3
ϕ ,
(21)
kH =
2
[η]
where M is the molecular weight and ϕ is a complex
function of the excluded volume parameter that depends on the binary cluster integral. As the prediction
of k H values from Eq. 21 seems complicated, for the
purpose of the present problem, we advise choosing
one of the representative values of k H for the limiting
cases of theta and good solvent conditions. These values are applicable not only to synthetic polymers, but
also to biological flexible-chain macromolecules, like
fully denaturated proteins or nucleic acids. It should
be kept in mind that k H presents some dependence
on molecular weight, that may be irrelevant for higher
polymers, but is appreciable for short chains: oligomers
with M in the range 102 –103 g/mol may have k H ≥ 1.
For the case of globular particles, theories predict
k H = 0.7–0.8 for spheres. Spherical colloids and globular proteins show values in this range or slightly higher.
For rodlike particles of large aspect ratio, there is
some discrepancy in theoretical predictions. Experimental data for well-characterized, nonassociating rodlike macromolecules and particles yield values in the
range k H ≈ 0.4–0.7. Since this range is similar to that
of fully flexible chains, one expects, and the experiment confirms, that wormlike chains should have such
k H over the whole range of contour to persistence
length, i.e., from the coil limit to the rod limit. Flexiblechain polyelectrolytes have k H values that increase with
decreasing ionic strength, I. At high I, electrostatic
interactions are shielded and values of k H are those
typical of flexible coils, but one may find k H > 1 at low
I, and exceedingly large values have been measured in
salt-free solutions.
Rather peculiar concentration dependences of the
solution viscosity, and therefore, unusual Huggins constants, can be also found in solutions where the solute
molecules have a tendency to associate, either forming
well-defined oligomers or aggregates. The observed k H
values will reflect not only the heterogeneity of the
solute but also the possible concentration dependence
of its composition. This situation may be frequent
among biopolymers, including many “sticky” polysaccharides, and oligomizing proteins. Some predictions
for relevant cases of heterogenous systems can be easily
made on the assumption that the viscosity increases
due to each component are additive. Thus, for a mixture of noninteracting components, k H would be some
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sort of weighted average of those of the individual
components.
However, the Huggins constant may be remarkably
unusual when the composition of the heterogenous
solute in not constant but concentration-dependent.
This happens when the oligomerization or aggregation
is reversible, governed by some chemical equilibrium.
This can be shown in a simple yet relevant case, in
which the solute would be in equilibrium with a dimer.
This case is rather frequent among proteins, either
globular like serum albumin [33] or fibrous like myosin
[34]. In the limit of zero concentration, there are no
dimers, and the observed intrinsic viscosity would be
that of the monomer. However, the concentration dependence of the solution viscosity has a contribution
from the conversion of monomers to dimers as the
concentration increases, and this gives rise to a term
in the observed Huggins constant k H,obs that is related
to the difference between the intrinsic viscosities of the
monomer and dimer, [η]m and [η]d , respectively. It can
be easily shown that:
k H,obs = k H,m +

[η]d − [η]m 10−3 K
[η]2m
2Mm

(22)

where k H,m and Mm are the Huggins constant and
the molecular weight of the monomer and K is the
dimerization equilibrium constant, expressed in liters
per mole, while the intrinsic viscosities are in cubic
centimeters per gram. Note that the change in Huggins
constant is not related to the different values of the k H
values of monomer and dimer; it does not come from
the quadratic terms in the concentration dependence
of the solution viscosity but from the linear ones. Depending on the magnitude and sign of the difference
[η]d − [η]m , there can be an important influence in the
observed Huggins constant, which may be well beyond
the usual range (say 0.2–1.0) of single species, and
particularly abnormal values may appear in cases of
multiple oligomerization equilibria [35].
Summarizing, there will be instances where the nature of the solution is well defined and k H is known
or can be predicted with accuracy. This suggested
to us that we should propose a “corrected” singlepoint Solomon–Ciuta method, in which the single-point
Solomon–Ciuta value [η]SCsp , determined from Eq. 4, is
corrected with the S function, Eq. 15, evaluated with
the approximate [η]SCsp , to give
[η]SCcorr = [η]SCsp /S

(23)

which would coincide with the Huggins (reference)
value.
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In the simulation, we generate reference values of
the relative viscosity ηr , for given values of k H and
C = [η]c. We suppose that, in the real experiment,
these values are affected by an experimental, relative
error δηr . Then, a random error is added to the reference as a Gaussian random number of zero mean
and standard deviation ηr = ηr δηr . In the two singlepoint Solomon–Ciuta methods, this is done for a single
value of C. In the dilution–extrapolation procedures,
mimicking experimental protocols [8], six values from
C down to C/3 values are generated and used to get
the intercept from a linear least-squares fit. The relative difference between the value so obtained and the
reference is the relative error in [η]. This process is
repeated many times, and the final result for the relative
global error, e([η]), is the root-mean-square value of the
results of each repetition.
Results for the relative global errors for the three
procedures listed above are plotted in Figs. 2b, and 3a,
b. For standard glass-capillary viscometry, we estimate
a typical experimental error in ηr , δηr (arising from
errors in falling times, temperature fluctuations, etc.) of
1%, so that, for the reported results, we took δηr = 0.01.
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As noted previously, in addition to the systematic error
in the single-point Solomon–Ciuta procedure, every
procedure also produces experimental (accidental) errors that originate in the viscosity measurements and
propagate to the values from which [η] is calculated,
either directly or from extrapolation; indeed, the extrapolation itself will introduce further experimental
error.
We have devised a simple computer simulation to ascertain the errors produced by the various methods that
we have been considering. In summary, these methods
are:
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On the other hand, there may be cases where the
k H value may be abnormal or uncertain, so that a safe
determination of [η] would require successive dilutions
and extrapolation to zero concentration. In this regard,
we note that the Huggins extrapolation in not the only
choice, and instead, we have shown that the Solomon–
Ciuta value has a less pronounced concentration dependence, so that one may think of a procedure where [η]
is determined by extrapolation of various values from
Eq. 4 for decreasing concentrations.
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Fig. 3 a Relative global error of the corrected single-point
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Anyway, e([η]) can be recalculated for any other δηr
because e([η]) is proportional to δηr . We also recall that
the errors do not depend on c and [η] separately but on
the product [η]c.
Discussion and concluding remarks
We first note the similarity between the global error
of the single-point Solomon–Ciuta (Fig. 2b) and the
theoretical systematic error (Fig. 2a); actually, most of
the global error is due to the systematic component,
except for very dilute solutions, where the accidental part is dominant. Figure 2b can serve to estimate
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the error expected from a single-point Solomon–Ciuta
determination.
The systematic deviation is suppressed by either extrapolation in the Huggins method or by correction in
our corrected single-point Solomon–Ciuta procedure,
and the purely accidental errors do not depend on
the k H value, as shown in Fig. 3a, b, but only on
how dilute the solutions are. Comparing, as it was, the
main purpose of this paper, the Huggins extrapolation
procedure with the single-point Solomon–Ciuta determination, one reaches a most satisfactory finding about
the latter: using our corrected single-point Solomon–
Ciuta procedure, the errors of the single-point method
are even smaller than those of the full extrapolation;
thus, the errors in the corrected single-point Solomon–
Ciuta method can be smaller than 5% for a concentration of c = 0.25/[η], while the more laborious Huggins
extrapolations for a series of dilutions starting from that
concentration would yield errors larger than 10%.
The possibility of employing the corrected singlepoint Solomon–Ciuta procedure relies on the previous
knowledge or accurate estimation of k H . With the information available (reviewed in the previous section)
on the Huggins constant, this may be possible in a number of cases, for instance, when the [η] measurement
is just intended to determine the molecular weight or
molecular dimensions of a solute of well-known structure and solution behavior (e.g., a flexible polymer in
a good solvent). This capability of the corrected singlepoint Solomon–Ciuta procedure enhances the utility of
the single-measurement, pressure-imbalance differential viscometers. There will be other cases where the
k H value may be ignored or presumably abnormal,
and then, a single-measurement determination of [η]
would be dangerous. It can be noted, however, that –
as we have indicated above – such cases are commonly
associated to heterogeneity in the solute. Then, the
modern set-ups of SEC or FFF with viscosity detection
(SEC/VIS or FFF/VIS) may be extremely valuable:
the instrument determines the [η] values for the components of the heterogenous solute as single species,
previously separated in the SEC or FFF separation,
and such values can be eventually corrected as we have
proposed. Finally, we should also recall that there are
special but relevant circumstances, which have been
reviewed above, where the dilution/extrapolation procedures would be the proper choice.

Computer programs
Fortran code and executable programs to evaluate
the corrected Solomon–Ciuta intrinsic viscosity, and
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to estimate the systematic and global errors expected
for the various procedures mentioned in this work, will
be freely available from our web site, leonardo.inf.
um.es/macromol/, where other related programs can
be found.
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