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The transient orientation, birefringence, and dichroism of macromolecules or particles in solution or suspension,
resulting when an electric field is applied or reversed, have been studied by Brownian dynamics simulation.
We consider the particular case of axisymmetric particles, for which the dynamics depends on a single rotational
diffusion coefficients. In our simulations, we employ arbitrarily strong field-molecule interactions, so that
our results are useful to characterize the deviation of the behavior at moderate and high fields from that
predicted by existing theories for low fields. We propose the use of relaxation times that characterize the
initial and the mean rate of the electrooptic transients. The variation of these relaxation times with field
strength is very informative for the electrical properties of the particles.

Introduction

From the pioneering works of Benoit1 and O’Konsky,2

electrooptic techniques such as transient electric birefringence
or dichroism are employed to characterize macromolecules and
particles in solution or suspension. The steady-state values of
birefringence or dichroism in the presence of the field depend
on the electrooptic properties of the macromolecules or particles.
Furthermore, the transients or time dependencies of these
properties that are observed when the electric field is applied,
inverted, or removed, depend not only on electrooptic quantities
but also on the rotational diffusivity of the solute and, therefore,
on its size and shape.3,4 In the present paper, we are concerned
with the particular case of an axially symmetric rigid particle,
for which the reorientational dynamics depends on a single
rotational diffusion coefficient.
In his classical paper, Benoit1 solved the diffusion equation

for the problem of birefringence rise upon application of the
field, in the particular, simplifying case of a weak orienting field,
when the molecule-field interaction energy is smaller thankT.
His work was later generalized to other electrooptic transients
in weak fields and extended to moderate fields in an approximate
manner (vide infra). On the other hand, many experimental
studies have been restricted deliberately to weak fields, so that
the results could be interpreted in terms of those theoretical
results.
The restriction to low field really reduces the information

that can be extracted from experiments. On the contrary,
experiments combining the detection of the transients and the
variation of the field strength could be more informative about
electrooptic and dynamic properties. To provide numerical
results that could be helpful in the interpretation of those
experiments, we recently proposed the use of Brownian dynam-
ics to simulate electrooptic transients of axially symmetric
particles5,6 for fields of arbitrary strength. In the present paper
we have increased the resolution of the simulations and present
an in-depth analysis of the dynamics in terms of relaxation times.
The results will hopefully be useful for future experimental
studies in arbitrarily high fields.

Existing Theories for Electrooptic Transients

The model used in the simulation is the same that we
employed in our previous work.5,6 We just summarize here the

main features. We consider a dilute solution of axially
symmetric particles with permanent dipoleµ along the axis of
revolution, and polarizabilitiesε| andε⊥, along and perpendicular
to that axis, respectively. In the presence of an electric fieldE,
the potential energy of the particle depends on two interaction
parameters:

which represent the contributions from the permanent dipole
and the induced dipole, respectively.kBT is the Boltzmann
factor. We can also use the ratio

which has the limitsR ) 0 for a purely induced dipole andR
f ∞ for a purely permanent dipole.
Upon the application of the electric field during a sufficiently

long time, the orientation distribution function takes its steady-
state form. The degree of orientation can be characterized by
a simple quantity, the order parameterS∞:

whereθ is the angle formed by the particle axis and the field,
and 〈...〉 denotes an ensemble average.S∞ is a function ofe
andg that varies fromS∞ ) 0 whene) 0 andg ) 0, toS∞ )
1 whene f ∞ or g f ∞.
The steady-state electric birefringence,∆n, of the particle is

proportional toS∞. Particularly,∆n ) ∆nsatS∞, where∆nsat is
the birefringence that the system would achieve in an infinite,
saturating field. The same can be said about a related property,
the electric dichroism. Although our numerical work was
performed usinge andg, in the presentation of results we will
employRandS∞ which are more informative and determine or
are determinated unambiguously by the (e, g) pair.5

We are interested in the time course of electrooptic properties
when the electric field is applied or changed, i.e., in the rate
with which the steady state is reached. Thus, the orientation
distribution function varies with time, and a time-dependent
order parameter,S(t), can be defined as in eq 4 in terms of
〈cos2θ〉t, the time-dependent ensemble average. As justifiedX Abstract published inAdVance ACS Abstracts,May 1, 1996.

e) µE/kBT (1)

g) (ε| ) ε⊥)E
2/2kBT (2)

R) e2/2g) µ2/(ε| - ε⊥)kBT (3)

S∞ ) (3〈cos2 θ〉∞ - 1)/2 (4)
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below, it is convenient to express time in a dimensionless form:

whereD is the rotational diffusion coefficient of the axisym-
metric particle. The transient of electrooptic properties can be
characterized by means ofS(τ) or its reduced form:

so thatr ) 1 when τ f ∞, regardless of the values of the
electrooptic parameters.
We are particularly interested in two basic electrooptic

experiments. One of them is the rise of birefringence or
dichroism when the electric field is turned on, characterized by
a monotonically increasing ofS(τ) or r (τ). The other case is
the change in properties when the field is reversed from+E
(when the system has reached steady state) to-E. It is evident
that the behavior of the macromolecule depends in this
experiment on the nature (induced or permanent) of the dipole
moment.
The diffusion equation which governs rotational diffusion

with arbitrary initial conditions4 can be written in terms ofτ as

whereV ≡ V(θ) is the potential energy, depending on the pair
of parameters (e, g) or (S∞, R), and f ≡ f(θ,τ) is the time-
dependent orientational distribution function. It is evident that,
in the form of eq 7, the diffusion equation is universal in the
sense that it does not depend on the actual size and shape of
the axially symmetric particle.
The diffusion equation has no analytical solution for arbitrary

field strength, so that existing theories usually assume the limits
of low or high fields. A summary of previous theories is
presented next (for more details, see the original references or
our preceding papers5,6).
Rise. For very low fields, Benoit1 described the rise of order

parameter or birefringence by a particularly simple, biexponen-
tial expression:

Matsumoto et al.7 have extended the Benoit results to moderately
high fields, giving a triexponential expression forr (τ). An
alternative approach is that of Nishinari and Yoshioka,8 who
express the initial rise as a power series in time. For very high
fields analytical results are available for the two pure types of
dipole.9,10

Reversal. The equivalent to Benoit’s rise expression was
derived by Tinoco and Yamaoka11 for the reversal:

As for the rise, Matsumoto et al.7 extended this result to higher
fields, obtaining a triexponential function. We are not aware
of analytic results for very high fields. Note that nowτ ) 0,
with r (0) ) 1, when the field is reversed, and againr (∞) ) 1.
Decay. When the electric fieldE is removed atτ ) 0, the

electrooptic properties decay according to

This case is an exception regarding the field dependence.

Indeed, eq 10 is valid for an arbitrarily strong orienting field,
i.e., for any value of the initialS∞.

Model and Simulations

With the aim of obtaining the transient electrooptic properties
in arbitrary conditions for field strength and initial conditions,
we proposed the use of Brownian dynamics (BD) simulations,5,6

of a particularly simple model.12 We recall that the results for
this particular model, when expressed in terms ofτ are of
universal validity, for any axially symmetric particle.
The simulation procedure is the same as in our previous

works.5,6 However we have now improved the working
conditions, taking advantage of more powerful computational
resources. The number of molecules in the simulated ensemble
was as high as 25 000 for the weakest fields, when the signal-
to-noise ratio is more critical. The time step was∆τ ) 10-4.
Actually, in a series of trials, decreasing∆τ values were
checked, at both very low and very high fields, finding that
below ∆τ ) 10-4 there is no appreciable change in ther (τ)
curves. Indeed, this value gives very good agreement with the
theoretical results in the two limits. Another improvement has
been the use of a more efficient, predictor-corrector algorithm
for Brownian dynamics13 instead of the first-order Ermak-
McCammon algorithm.14

Results and Discussion

Rise. Some examples of the simulated curves for the rise of
birefringence or orientation are displayed in Figure 1, where
the prediction of the approximate theories have also been
included. The deviation between the approximate,rapp(τ), and
the simulation,rsim, results is characterized by means of theø2
parameters, given by

where the summation includesn simulated points.σi in eq 11
is the standard deviation of the simulated values. Theø2

τ ) Dt (5)

r (τ) ) S(τ)/S∞ (6)

∂f
∂τ

) 1
sinθ

∂

∂θ[sinθ ∂f
∂θ

+ 1
kBT

∂V
∂θ
f] (7)

r (τ) ) 1- 3R
2(R+ 1)

e-2τ + R- 2
2(R+ 1)

e-6τ (8)

r (τ) ) 1- 3R
R+ 1

(e-6τ - e-2τ) (9)

r (τ) ) e-6τ (10)

Figure 1. Normalized rise curves, in term of dimensionless time,τ,
for an induced dipole with the indicated values ofS∞. Dotted,
continuous, and dashed lines correspond, respectively, to BD simulation,
the theory of Benoit, and the theory of Matsumoto et al.

ø2 ) ∑nσi
-2[rsim,i - rapp(τi)]/∑nσi

-2 (11)
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deviations are plotted as a function of the field-molecule
interaction strength in Figure 2.
For a permanent dipole, Figure 2A, the errors of the two low-

field theories are acceptable up to aboutS∞ = 0.2, but it is seen
that the result of Matsumoto et al. is more satisfactory. For
high fields, sayS∞ > 0.5, the high-field theory gives excellent
results. In the region of intermediate fields (0.2-0.5) none of
the approximate theories is valid. For the case of an induced
dipole, Figure 2B, the good performance of the low-field theories
extend to higher fields, with the interesting situation that the
Benoit expression is even better than that of Matsumoto et al.
at intermediate fields, which must be due to some cancellation
of errors. The trend ofø2 for a hybrid case (not shown) is
similar to those in the pure cases and quantitatively intermediate
between them.
Reversal. The most salient feature of the reversal curves is

the minimum in orientation or birefringence, which occurs at
time τmin with a depthrmin. According to the low field theory
of Tinoco-Yamaoka (eq 9)

with the salient feature that both quantities are independent on
field strength, and furthermoreτmin does not depend on the type
of dipole (parameterR). For the theory of Matsumoto et al.,
we have obtainedτmin and rmin by solving numerically the
equation resulting of applying the condition dr (τ)/dτ ) 0 in
their r (τ) equation. From our BD simulations, we have
determinedτmin andrmin for varying field-molecule interaction
and dipole type. Some results are displayed, along with
theoretical predictions, in Figure 3.
In Figure 3.A we note that the Tinoco-Yamaoka prediction,

τmin ) 0.275, fails even for relatively low field strength (S∞ )

0.2). The simulated values are appreciably higher or lower than
0.275, depending onR. The theory of Matsumoto et al. is
qualitatively correct, predicting a dependence onR, more
pronounced for higherS∞. However, this theory is quantitatively
valid for rather low fields only. Similar conclusions are derived
from Figure 3C, which focuses on dependence onS∞. It is
interesting to note thatτmin increases withS∞ for predominantly
induced dipole (R) 0.4 in Figure 3C; recall there is no reversal
for R) 0) and decreases for permanent dipole. There should
be an intermediateR for which τmin would be roughly constant
vsS∞, in fictitious agreement with the Tinoco-Yamaoka theory.
Next we discuss the depth of the minimum,rmin. In Figure

3B we note that the Tinoco-Yamaoka prediction (eq 13) is in
very good agreement with BD simulations even for high-field
strengths. In this plot, the Matsumoto theory is undistinguish-
able of the Tinoco-Yamaoka prediction. The dependence of
rmin on S∞ is displayed in Figure 3D. In this regard, our BD
simulation give a significant result:rmin does not depend on
field strength up to rather strong fields. Thus, the Tinoco-
Yamaoka theory works surprisingly well, with a good agreement
with BD results as seen in Figure 3D. However the theory of
Matsumoto et al., which supposedly should be better at
intermediate fields, is clearly worse. Probably, the better
performance of the Tinoco-Yamaoka theory is somehow
fortuitous, resulting from cancellation of opposite deviations.
Initial and Mean Relaxation Times: Theory. The complex

or unknown mathematical forms of the electrooptic transients
can be reducedly represented by a few constants. We propose
the use of two quantities that characterize the initial and the
mean rate of the transients. One of them is the initial relaxation
time, τini, defined by

so thatτini-1 is the initial slope of ther (τ) curve. The second
one is the mean relaxation time

whereC(t) ≡ r (τ) for the decay, whileC(t) ≡ 1 - r (τ) for the
rise and reversal processes, so thatC(0) ) 1 andC(∞) ) 0 in
all cases. Note that the above definitions are expressed in term
of the transientr (τ), which is normalized to the (0,1) interval.
τmeanis the area under ther (τ) decay, or the area above ther (τ)
curves up to the asymptoter (∞) ) 1. The geometric meaning
of τini andτmeanare illustrated in Figure 4.
For the decay process, which is always monoexponential (eq

10), it is obvious thatτini ) τmean) 1/6. For the rise and the
reversal, analytical results can be written only for the low fields.
The resulting expressions, and the limiting cases of purely
permanent and induced dipole, are presented in Table 1.
From theτmeanexpressions at low fields, it becomes apparent

that, for any type of dipole

Figure 2. Dependence of the deviationsø2 on field strength, measured
by S∞ for the approximate theories. (A) Purely permanent dipole. (B)
Purely induced dipole.

τmin ) -ln(3/4)) 0.288 (12)

τmin ) 1- 1.16R/(R+ 1) (13)

TABLE 1: Expressions for τini and τmean Obtained from the
Low-Field Expressions, Eqs 8 and 9 (The Result for the
Decay Is Valid for Any Field)a

general
induced

dipole (R) 0)
permanent

dipole (R) ∞)
rise,τini (R+ 1)/6 1/6 ∞
reversal,τini (R+ 1)/12R ∞ 1/12
rise,τmean (4R+ 1)/6(R+ 1) 1/6 4/6
reversal,τmean R/(R+ 1) 0 1

aDecay,τini ) τmean) 1/6.

τini
-1 ) [dr (τ)/dτ]τ)0 (14)

τmean)∫0∞ C(t) dt (15)

τmean(rise))
1
2

τmean(reversal)+ τmean(decay) (16)
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Equation 16, in terms of areas was found for the first time by
Yamaoka et al.15 Note that, if we define the ratio

then we should haveA ) 1 for a limiting low field.
Initial and Mean Relaxation Times: Numerical Proce-

dures. For the transient curves simulated for a variety of field
intensities, we extracted the values ofτini and τmeanusing the
following procedures. The simulatedS(τ) curves were fitted

to a multiexponential function of the type

Figure 3. Variation of the parameters of the minimum in the reversal curve with the strength of the molecule-field interaction (measured byS∞),
and the dipole type (parameterR). (A) τmin vsR: The continuous line is the Tinoco-Yamaoka prediction,τmin ) 0.275. The dashed curves are the
results from Matsumoto et al. forS∞ ) 0.2 andS∞ ) 0.5. Data points are our BD results. (B)rmin vsR for the sameS∞ values as in frame A. The
continuous line is the Tinoco-Yamaoka prediction and the Matsumoto et al. prediction is very close. (C)τmin vs S∞. The continuous line is the
Tinoco-Yamaoka prediction. Data points are BD results. The dashed curves are results from Matsumoto et al. forR) 1.42 andR) ∞. (D) rmin
vs S∞. Lines and data points are as in frame C.

Figure 4. Geometric interpretation of the initial and mean relaxation
time for the three electrooptic processes.

A)
τmean(rise)

1/2τmean(reversal)+ τmean(decay)
(17)

Figure 5. Initial relaxation time,τini, vs the electric strength parameter,
S∞ for the indicated cases. The dotted, horizontal lines correspond to
the low-field limiting (S∞ ) 0) theoretical results in Table 1.

S(τ) ) a0 + a1e
-b1τ + a2e

-b2τ + ... (18)
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The fit was carried out using the best, for each case, of two
alternative procedures. One of them is based on the Marquardt
algorithm for nonlinear least-squares fitting.16,17 The other one
was Provencher’s procedure,18,19 which allows for a base line
and negativeai coefficients and determines the optimum number
of exponentials. Although for low fieldsS(τ) in the rise and
reversal are indeed biexponentials, these procedures do not
intend to mean that the transients are multiexponentials in
general. However, the multiexponential proved to be a satisfac-
tory fitting function that removes the simulation noise (statistical
errors), and gives a result forτmean :

Yet another third procedure was employed for the cases with
high fields. The simulated curves had very good signal-to-noise
ratios and showed that multiexponentials were not adequate. In
these cases, the low noise level made it possible to integrate
numerically, directly from the points in theS(τ) curves.

Now, regarding the initial relaxation time, it could be
determined by the multiexponential fits. However, this was
found to be somehow erroneous since those overall fits may
not be locally good nearτ ) 0. Then we fitted theS(τ) points
in the initial part of the curve (say, one-tenth of the (0,1) range
of r (τ)) to a polynomial:

from which we obtainτini ) c1.
Initial and Mean Relaxation Times: Results. The simula-

tion results forτini with variable molecule-field interaction
strength, measured byS∞, are presented in Figure 5. We note
that for the weakest fields, the agreement with the low-field
theoretical results in Table 1 is very good in all the cases. The
dependence ofτini on the field strength, for which no theoretical
prediction was available insofar, is clear in Figure 5. We note
that in most casesτini remains constant and equal to the low-
field theoretical prediction for moderately high fields, withS∞
as high as, say, 0.4 (except for the appreciable dependence for
the case of the hybrid dipole at low fields). Thus, if the initial
relaxation time could be accurately determined, it could lead
to the rotational diffusion coefficient without the need of
characterizing and analyzing the whole decay or reversal curve.
Figure 6 displays the results forτmeanas a function of field

strength. For the rise transient (Figure 6A) of molecules with
purely induced dipole,τmeanis essentially constant and equal to
the low-field result even for moderately high fields. However,
if the dipole has total or partial permanent character,τmeanvaries
remarkable with field strength. In the case of the reversal
transients (Figure 6B), the situation is similar: there is a
dependence which is more pronounced for molecules with a
more predominantly permanent dipole. Therefore, the depen-
dence of the mean relaxation time on field strength is rather
informative about the nature of the dipole moment.
Finally, in Figure 7 we check the validity of eqs 16 and 17

for varying field strength. It is very clear that the theoretical
resultA ) 1 is strictly valid only for very low fields, withS∞
≈ 0. Remarkable deviations appear even in the range of
moderately fields. Thus, while Yamaoka et al.15 had found
slight deviations fromA ) 1 at low fields, in the present work
we have been able to characterize the remarkable field-
dependence of this ratio for higher fields.

Figure 6. Mean relaxation time,τmean, vs the electric strength
parameter,S∞, for the indicated cases. The dotted, horizontal lines
correspond to the low-field limiting (S∞ ) 0) theoretical results in Table
1. (A) Rise. (B) Reversal.

τmean)
a1b1

-1 + a2b2
-1 + ...

a1 + a2 + ...
(19)

Figure 7. RatioA of mean relaxation times (eq 17) as a function of
the interaction parameter for various dipole types.

S(τ) ) c0 + c1τ + c2τ
2 + ... (20)
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