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Buildup of Eiectrooptic Properties of Axially Symmetric Macromolecules in Fields of 
Arbitrary Strength Studied by Brownian Dynamics Simulation 
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The buildup or rise of electric birefringence and other electrooptical properties in an electric field of arbitrary strength can 
be studied by simulating the Brownian dynamics of the molecular species in the presence of the field. The work presented 
here is particularized to the buildup of orientational order for particles with axially symmetric polarizability and diffusivity. 
The simulation results are useful to establish the range of validity of a variety of analytical approximations that have been 
proposed for the limits of low- or high-field strength, for the initial part of the rise, and for other conditions. The simulation 
techniques and model are described, and their applicability to other electrooptic transients is commented on. 

Introduction 
The buildup of orientational order, manifested for instance by 

birefringence or dichroism, upon the application of an electric field 
is an interesting process that yields information about the elec- 
trooptical properties of molecules and their rotational diffusivity. 
For the case of noninteracting molecules with an axis of symmetry 
(which is the case considered in this paper), the buildup is governed 
in the limit of very low electric field, E, by an equation derived 
by Benoit in a classical paper' whose significance in the inter- 
pretation of experimental data is described in various 
Unfortunately, the differential equation that determines the time 
dependence of the orientational distribution function under the 
influence of electric and Brownian forces has only an analytical, 
general solution in the limit of low E. In a comprehensive review, 
Watanabe and MoritaS have summarized buildup functions for 
a variety of particular or approximate cases. 

In a recent paper: we have shown that the rotational Brownian 
dynamics of an axially symmetric molecule in an arbitrary field 
can be simulated by applying the simple algorithm of Ermak and 
McCammon' to a simple model. In this work, the same method 
is applied to the simulation of the buildup process for fields of 
arbitrary strength. Our purpose is 2-fold: first, we test the 
performance of the methodology in a most typical case of dynamic, 
electrooptical properties; second, we ascertain the accuracy and 
range of validity of the particular or approximate solutions. 

Theory 
Basic Equations. For simplicity, we assume as usual an axially 

symmetric molecule with a permanent dipole p along the symmetry 
axis and electric polarizabilities e,, and tl  along the axis and 
perpendicular to it, respectively. The energy of interaction of such 
molecule with an electric field E, when the angle that it makes 
with E is 8, is given by 

( 1 )  

e = ptE/kBT (2) 

v ( e ) / k B T  = -e COS e - g cos2 e 
where kBT is the Boltzmann factor, and 

The relative contribution from the two orientation mechanisms 
can be expressed by the ratio 

(4) 

with IRI - QD for a pure permanent dipole and IRI - 0 for a pure 
induced dipole. Properties such as the electric birefringence An 
depend on the ensemble average of some orientational quantity. 
Actually An is proportional to the so-called order parameter, s, 
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which is the ensemble average of the second Legendre polynomial 
of COS e: 

= ( P , ( C O S  e)) = (3 (cos2 e) - 1 ) / 2  ( 5 )  

After an electric field has been applied for a sufficiently long time 
(when the buildup process is practically completed), s takes a 
steady value s,, which is a function analytically or numerically 
computable from e and g. 

In general we have 

s, = Jrde p(e)p2(cOs e) ( 6 )  

where the equilibrium, statistical weight of angle 0 is 

p ( e )  = sin e exp[-v(e)/kBq/JTde sin e exp[-v(e)/kBq 

(7) 

Of the several sets of parameters that can be used to characterize 
the field-particle interaction, we have chosen the pairs,, R .  The 
first measures the orientability, and the second determines the 
relative contribution of each orientation mechanism. 

Previous Results for  the Buildup Process. In the absence of 
a field, s = 0 and the system is isotropic. In some instant, taken 
as t = 0, a steady field E is switched on. Then s increases as the 
distribution function of the orientation angle goes from the iso- 
tropic case to that corresponding to the steady state. The rate 
of that transformation is governed by a diffusion equation in which 
time scales as the reciprocal of the rotational diffusion coefficient, 
D. Thus it is convenient to use a reduced time as 

7 3 Dt ( 8 4  

Benoit] solved the diffusion equation in the limit of E -, 0 (low 
e, g ,  and s,), obtaining for the normalized rise function 

r(7)  s(s)/s, (8b) 

the following expression: 
R - 2  

r(7)  = 1 - - 2 ( R  + 1 )  exp(-2~) + - 2 ( R  + 1 )  exP(-67) ( 9 )  
3R 
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Nishinari and Yoshioka* have calculated the initial rise of the 
birefringence as a power series in T :  

(10) s = alT + a 2 ~ 2  + a3? + ~ 1 ~ 7 ~  + O(75) 
where 

a, = %g 

a2 = %e2 - 'Y5g + Y352 (1 1b) 

0 3  = -'6/15e2 + 2?sg - Y2ie2g ' Y 3 5 2  - 32/105$ (1 IC) 

a4 = 2"/15e2 - 3y5g - YZ2,e4 - 72/,5g2 + 1Y5e2g + 32/441e2gZ + 
273/1~~d - '2/231$ ( 1  Id) 

An improvement on Benoit equation has been proposed by 
Matsumoto et al.? who presented a result valid over a wider region 
of field strength: 

where 

e 4g A 1 = 2 + - - -  
5 5  

2e2 8g A 3 = 1 2 + - - -  
15 15 

xo = e2 + 2g - Y2'(e4 - 2e2g - 2 2 )  

xl = ( 3 e 2 / 2 )  - y350(9e4 - e2g) 

x2 = '/z(e4 - 4g) + t/42(e4 - 1 leg2 - 8gZ) 

x3 = v175(e4 - 14e2g) 

( 1 3 4  

( 13e) 

( 1  3f) 

( 13g) 

In the limit of very high field strength, Brownian forces are 
relatively much weaker than electric forces, and neglecting the 
former, the dynamics is governed by a deterministic differential 
equation. Results are availableIO for the two extreme cases of 
orientation mechanism. For a pure permanent dipole ( g  = 0), 
the result is'' 

where 
x = 2er 

while for a pure induced dipole ( e  = 0) we have 

y = 2 g ~  (17) 

We are not aware of a general result of similar simplicity for 
hybrid cases with e # 0 and g # 0. 

Model and Brownian Dynamics Simulation. When time is 
scaled as i n  eq 8, the rotational diffusion equation becomes in- 
dependent of the actual shape of the axially symmetric particle. 
Thus, any rigid, axially symmetric model is valid for the simu- 
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Figure 1. Buildup curves for pure induced dipole (R = 0) and the 
indicated values of s,: (bold line) simulation results; (dashed line) 
Matsumoto et a19; (thin line) Benoit.' 

lation. As in previous work: our model is a single sphere of radius 
a tethered to a fixed point by means of a connector of length b 
that is frictionless and very rigid. Actually, the connector behaves 
in the simulation as a very stiff spring with equilibrium length 
b. The algorithmic solution7 to the Langevin equation of the sphere 
is 

(18) 
In eq 18 ro is the position vector of the sphere at  time t ,  and r 
is the position vector after a time step of length At. F, is the spring 
force, and FB is the force of interaction with the electric field, 
obtained from the derivate of the potential, eq 1. If the electric 
field is directed along axis Z, then 

r = ro + (kBT)-'D,(Fs + F,)At + R 

cos 0 = rez / r  (19) 
where eZ is an unitary vector along Z. 0, is the Stokes-Einstein 
translational diffusion coefficient of the sphere and R is a vector 
whose components have zero mean and covariance 2D,Atf.  

The time evolution O(7) is obtained from simulated trajectories 
of the model and does not depend on the numerical values of a 
and b as shown in our previous paper,6 where more details are 
given. 

A trajectory in the buildup process is started ( T  = 0) from an 
initial position corresponding to a uniformly distributed direction 
of the connector, as it should be in the absence of the field. Then 
eq 18 (in dimensionless form6) is repeatedly applied to generate 
the series of positions of the trajectory. The length of the trajectory 
is typically one unit of reduced time. With time steps AT = 
this is reached after 1000 steps. In an "experiment", the tra- 
jectories of 5000 molecules a r e  simulated in this way. The en- 
semble average needed in eq 5 is evaluated averaging P2(cos e(7) )  
over trajectories. The experiment is repeated several times, 
typically five, so that in addition to the final values of 47) obtained 
as the means, we obtain an estimation of their statistical uncer- 
tainty from the standard deviation. 

Results and Discussion 
Simulation runs have been carried out for several values of s, 

listed in Table I and for three cases: pure permanent moment 
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TABLE I: Study of tbe Validity of the Various Approximate Theories 

TIC% X 2  

S, R e g Benoit Matsumoto Nishinari s(slm)/s. X2(high field) 
0.20 m 2.05 0.0 1.20 x 10-2 3.72 X 0.36 0.47 5.22 X 
0.20 1.42 1.35 0.64 1.35 x 10-3 
0.20 
0.30 
0.30 
0.30 
0.66 
0.66 
0.66 
0.90 
0.90 
0.90 
-0.30 
-0.10 

0.00 

1.42 
0.00 

1.43 
0.00 

1.42 
0.00 
0.00 
0.00 

m 

m 

m 

0.00 1.38 2.13 x 10-3 

1.70 1.02 1.72 x 10-3 
2.80 0.00 2.50 X 

0.00 2.05 1.95 X IO-’ 
7.6 0.00 2.03 X lo-’ 
3.00 3.15 1.42 X 
0.00 5.13 8.86 X IO-‘ 
29.0 0.00 2.33 X 10-I 
5.93 12.04 9.94 x 10-2 
0.00 15.60 9.99 x 10-3 
0.00 -3.52 6.01 X IO-’ 
0.00 -0.83 3.65 X 

~~ 

1.29 X IO-3 
2.62 X IO-‘ 
6.23 X 
1.47 x 10-3 
6.12 X IO-’ 

1.01 x 10-2 
3.53 x 10-2 
1.84 X 
1.22 

8.56 x 10-3 

> I  
9.04 x 10-5 
3.50 x 10-5 

0.51 
0.25 
0.19 
0.36 
0.26 
0.10 
0.19 
0.24 
0.02 
0.08 
0.06 
0.1 1 
0.27 

2.54 
0.7 I 1.30 X IO-’ 

1.21 

0.25 1.68 X IO-‘ 
0.54 
0.81 6.43 X IO-‘ 
0.02 6.30 X IO4 
0.09 

0.66 
0.84 

0.22 2.00 x 10-3 

0.74 7.00 x 10-3 
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Figure 2. Buildup curves for pure permanent dipole (g = 0, R - m) and 
the indicated values of s.. Curves are as in Figure I .  

(R - m), pure induced moment (R = 0), and an intermediate 
situation (R = 1.42). The good performance of the simulation 
procedure is demonstrated by the good agreement (which is 
discussed in detail throughout this section) between the simulated 
and the analytical buildup functions in cases, for both low and 
high field, in which the latter are practically exact. 

The statistical uncertainty of the simulated s curves goes from 
0.02 for s, = 0.2 to 0.03 for s, = 0.9. Whenever possible, the 
error of the approximate theories has been characterized by means 
of the x2  parameter for the deviation between the approximate 
(app) and simulation results (sim) for r ( ~ ) :  

where ai is the statistical uncertainty of the simulation points 
estimated as described above. xz is evaluated with n = IO00 data 
points covering times up to T = 1.  

The performance of the approximate theory of Nishinari and 
YoshiokaE is characterized by the time, T , ~ ,  at  which the S ( T )  

value obtained from their equation deviates systematically over 
10% from the simulation result. We also consider the ratio of 
the order parameter a t  that time to the equilibrium value. 

In Table I we list the deviation parameters for all the cases. 
The low-field equations of Benoit and Matsumoto et al. are 
compared with simulation results in the extreme cases of R = 0 
and R - in Figures I and 2. These curves, along with the 
x2  values for all the cases presented in Figures 1 and 2, describe 
the validity of the two theories. 

As expected, eq 12, is better than eq 9 for low field, although 
the difference between them is not remarkable. For intermediate 
fields (say, s, = 0.3 and 0.66) one would expect eq 12 to be more 

?! 
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Figure 3. Comparison of simulated buildup curves (-) with the series 
expansion of Nishinari values and Yoshioka* (---) for the indicated 
values of s, and R = (permanent dipole) and R = 0 (induced dipole). 
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Figure 4. Simulated buildup curves (bold line) for a pure induced dipole 
(R = 0) and s, = 0.201,0.656, and 0.900, compared with the high-field 
results from eq 16 (thin line). 

valid than eq 9. This is not always the case, however, as shown 
by the x2 values in Table I. Thus, eq 9 gives particularly small 
deviations for R = 0. The r ( T )  expressions embody the steady-state 
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value smaP along with the rise function, SBPP(t), and both parts are 
affected by the approximations in the theory. Indeed, for the 
values of e and g listed en Table I, the values smaPP used in the 
low-field theories 

are different from the correct values. The errors in the steady-state 
and timedependent values may cancel out in some cases, resulting 
in an unexpected behavior of x2. Anyhow, our overall conclusions 
is that the r(7) expressions of Benoit performs rather well up to 
moderate fields (s, = 0.3), and the equation of Matsumoto et al. 
produces a slight improvement in some cases. 

Simulation results are compared with those from the series- 
expansion equations of Nishinari et al. in Figure 3. The T~~~ 
values that characterize the deviation of the buildup curves are 
listed in Table 1. The detection of the 10% deviation cannot be 
made precisely due to the statistical uncertainty of the simulation 
results. Anyhow the results in Table I are of semiquantitative 
interest and indicate that the equations of Nishinari et al. are valid 
in many cases beyond 7 = 0.20, for orientational strengths as high 
as those corresponding to s, = 0.66. As the s ( ~ ~ ~ ) / s ,  values in 
Table I indicate, this may typically cover the rise up to half the 
saturation value. 

We finally discuss the performance of the high-field approx- 
imations (eqs 14 and 16). The comparison with simulation results 

is displayed in Figure 4 for the case of an induced dipole. A similar 
diagram for the case of a permanent dipole has the same aspect. 
As for the low-field expression, the x2 deviations between the 
analytical approximation and the simulated results is listed in Table 
I. The deviation are rather acceptable for values of s, as low as 
0.66 and probably even lower. 

Summarizing the findings in the two cases of field strength, 
we have shown that the low-field and high-field equations can be 
used safely in conditions such that the steady-state order parameter 
is s, < and s, > 2/3, respectively. It seems reasonable to 
propose the use of eq 9 or 12 for s, < and eq 14 or 16 for s, 

Apart from these conclusions, we have illustrated the appli- 
cability of the Brownian dynamic simulation technique to char- 
acterize this type of dynamic electrooptic process. Thus, simulation 
results can be particularly helpful for the interpretation of the 
experimental buildup curves in the intermediate region of s,, where 
the validity of the available approximations is unclear. Brownian 
dynamics simulation can be applied with the same simplicity to 
cases with more complex, time-dependent fields, and it is therefore 
hoped that this technique will be also helpful in the analysis of 
other electrooptical phenomena. 
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Intramolecular electron-transfer reactions in polymers with aromatic side groups were confirmed by the pulse radiolysis of 
solutions containing poly(4-vinylbiphenyl-co- 1-vinylpyrene). First, the optical absorption spectra and decay reactions of the 
anions produced by electron pulses in 2-methyltetrahydrofuran containing homopolymers poly(4-vinylbiphenyl) or poly( 1- 
vinylpyrene) were studied. Steady-state optical absorption spectra of these polymer anions produced by y-radiolysis at 77 
K were also studied for comparison. Second, solutions containing the copolymers in which a small number of biphenylyl 
side groups of poly(4-vinylbiphenyl) were substituted by pyrenyl groups were examined. The transient absorption spectra 
observed by pulse radiolysis of these solutions clearly showed the existence of the intramolecular electron-transfer process 
along the polymer chain with the biphenylyl side groups as a stepping stone. The results were analyzed on the basis of a 
simple one-dimensional random-walk mechanism. 

Introduction 
Electron transfer (ET) from organic anion radicals to neutral 

molecules in solution has been studied for a long time. Weissman 
and co-workers determined the rates of electron-exchange reactions 
between aromatic anion radicals and their neutral forms in so- 
lutions by measurement of line broadening of ESR spectra.l Pulse 
radiolysis studies by Arai and Dorfman demonstrated the ET from 
aromatic anion radicals to various electron acceptors? Recently, 
Calcaterra, Closs, and Miller measured the intramolecular ET 
rates in systems with donor and acceptor groups linked by rigid 
saturated  spacer^.^.^ The ET rates observed in these studies are 
very fast in general provided appropriate exothermicity of the 
reaction is These studies have prompted us to construct 

~~ ~ 
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chemical systems for one-dimensional ET in which e x e s  electrons 
migrate along polymer chains with aromatic side groups as a 
stepping stone. 

Previous studies confirmed that anion radicals of polymers were 
generated by the reaction of excess electrons when ethereal so- 
lutions of the polymers were irradiated with pulsed electron 
beams.”-” Although the anion radicals thus produced simply 
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