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Departamento de Qúımica F́ısica, Facultad de Qúımica,
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1 Use of the POLYCARLO program

1.1 Launching the program

The POLYCARLO program performs the Monte Carlo generation of polymer chain conforma-

tions and the calculation of the polymer dimensions and solution properties.

You can download the executable (polycarlo-msd.exe for Windows MS-DOS, or

polycarlo-lnx.exe for Linux) from our web site (http://leonardo.inf.um.es/macromol),

and you have to prepare your own input data file, according to the specifications given be-

low. After program execution, you will obtain an output file with the results.

In Windows systems, you launch the program keying “polycarlo-msd” at the prompt

of the command line of the MS-DOS subsystem (you could also launch the program click-

ing directly from Windows on the icon of the executable file, but this procedure is not

recommendable because you may loose information, particularly error messages).

In Linux systems you launch the program keying “polycarlo-lnx.exe” at the prompt

of the command line in a terminal screen or console window.

Once you launch the program, you will be asked for:

• Code of your model. The possible codes are 1, 2 or 3:

1. RL or RLHS: rigid links, with optional hard-spheres excluded volume.

2. GS or GSLJ : Gaussian springs, with optional Lennard-Jones excluded volume

potential.

3. SS or SSSR: stiff springs, with optional soft repulsive excluded volume potential.

• Full name of your input file (including extension, e.g. mydata.txt).

• Name that you give to the results file from the program (we suggest to use .txt

extension for easier visualization).

• After reading the first block of data (only first) of the input file, the program makes

a pause asking for confirmation. If data are correct, press the “enter” key.
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1.2 The input file

The input file (you choose its name) contains lines, each with a datum that can be either

integer of real. The data type will be indicated as:

* (I): integer value

* (R): real value, with a decimal dot “.”

The program will contain any number of blocks of data, each block corresponding to a

case. Each block has two parts or sub-blocks, with the structure described below. Notice

that in a single run you can simulate several cases but always the same chain model (that

corresponding to the code model selected). Therefore, you must arrange the second (model

specific) sub-block of data according to the requirements of the model selected, as explained

below. The last line in the program will be

-1

i.e. minus one in the two first characters of that line (see the example of input file given in

http://leonardo.inf.um.es/macromol).

(1) The first (generic) sub-block provides the data pertaining to the Monte Carlo

procedure and indicates the calculations that you wish to perform. It contains the following

six or seven lines:

• N, number of beads (I).

• NMOVTOT, total number of Monte Carlo conformations (I).

• NCONFAVE, number of conformations taken for averages (I).

• ISEED, integer seed for random numbers (I).

• INTHYD, flag: =1, compute hydrodynamic properties; =0, do not compute hydro-

dynamic properties (I).

• NINTER, number of intervals for the calculation of the P (r) distribution. If you are

not calculating this function, give NINTER=0 (I).

• (Only if you are calculating the P (r) function, i.e. NINTER6= 0, otherwise this line

is omitted) RMAX, maximum value of r; the P (r) function will be evaluated from 0

to RMAX (R).
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Recall that the number of connectors or springs will be N − 1.

NMOVTOT must be equal to or a multiple of NCONFAVE. The conformations for

averaging will be sampled at uniform intervals from the Monte Carlo generated conforma-

tions.

The calculation of hydrodynamic properties, D∗ and [η]∗ requires much more computing

time than the generation of conformations and the calculation of chain dimensions. You

may wish to perform one run for the calculations of dimensions, with larger NMOVTOT

and NCONFAVE, and another run for with smaller NMOVTOT and NCONFAVE for the

hydrodynamic properties.

ISEED will be typically an integer number with 6 or 7 digits. With the same ISEED

you will always obtain the same numerical results. Running the calculations again with a

different ISEED is like repeating the computer experiment. This can be interesting to test

the reproducibility of the results.

The determination of P (r) requires a large Monte Carlo sample. Run the P (r) calcula-

tion separately, with large NMOVTOT and NCONFAVE. A typical NINTER may be 20.

Take RMAX so that P (r) goes back to nearly zero for the latest intervals. The longest

value that you can give to RMAX is the fully extended length of the chain, r∗longest = N −1

(corresponding to N − 1 connectors with length b∗ = 1). However, values close to r∗longest

have a very small P (r), so you may wish to use a not-too-large RMAX. Anyway, make

sure that r reaches values where P (r) returns to approximately zero.

(2) The second (specific) sub-block provides the data pertaining to the model that

you are studying. The number of lines and their content depends on the model. Numbers

given within parenthesis below are typical values to start with.

(2.1.) RL or RLHS

• A , diameter of hard spheres (for example, 0.5) (R).

• DELTAPHI , amplitude of Baumgartner rotation, radians (for example, 6.0) (R).

For the RL model (without excluded volume), set A=0.0 and give any value to DELTAPHI.

(2.2.) GS or GSLJ
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• EPS, parameter ε in the Lennard-Jones potential (typically, 0.1) (R).

• SIG, parameter σ in the Lennard-Jones potential (typically, 0.8) (R).

• RCUT, cutoff distance (typically, 3.) (R).

• H, Hookean constant (typically, 3.) (R).

• DELTAX, amplitude of Monte Carlo movements (for example, 0.5) (R).

For the GS model (without excluded volume), set EPS=0.0 and give any value to SIG,

and RCUT. The proper value for the Hookean constant must be H=3.0 (see Theory).

(2.3.) SS or SSSR

• ACONS , pre-exponential constant in the exponential potential (typically, 75.) (R).

• ALPHA , constant of the exponent in the exponential potential (typically, 4.) (R).

• RCUT, cutoff distance (typically, 0.512) (R).

• H, Hookean constant (for example, 50.) (R).

• DELTAX, amplitude of Monte Carlo movements: (for example, 0.3) (R).

For the SS model (without excluded volume), set ACONS=0.0 and give any value to RCUT

and DELTAX. An adequate value for the Hookean constant is H=50.0 (see Theory).

The values of DELTAPHI or DELTAX will determine the largest amplitude of the

random Monte Carlo movements. Too large values of these quantities will result in a large

percentage of rejected movements. On the other hand, too small values will make the next

conformation to be quite close to the preceeding one, and the simulation will not scan

sufficiently the conformational space.

In the following example, we include in a single run the following three cases:

- N=20, with hydrodynamic properties.

- N=40, with more conformations, without hydrodynamic properties.

- N=20, again, with more conformations, without hydrodynamic properties but including

the distribution function.
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20 N number of beads

100000 Number of Monte Carlo movements

10000 Number of conformations for averages

654321 Seed for random numbers

1 Flag for hydrodynamics calculation

0 Number of intervals for P (r)

. . . . . . . . . . . . . . . .

Lines specific of each model ...

. . . . . . . . . . . . . . . .

40 N number of beads

300000 Number of Monte Carlo movements

30000 Number of conformations for averages

654321 Seed for random numbers

0 Flag for hydrodynamics calculation

0 Number of intervals for P (r)

. . . . . . . . . . . . . . . .

Lines specific of each model ...

. . . . . . . . . . . . . . . .

20 N number of beads

1000000 Number of Monte Carlo movements

100000 Number of conformations for averages

654321 Seed for random numbers

0 Flag for hydrodynamics calculation

20 Number of intervals for P (r)

15. Maximum value of r, RMAX, for P (r)

. . . . . . . . . . . . . . . .

Lines specific of each model ...

. . . . . . . . . . . . . . . .

-1

The sub-block indicated as:
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. . . . . . . . . . . . . . . .

Lines specific of each model ...

. . . . . . . . . . . . . . . .

is, for RL/RLHS models:

0.50 Hard sphere diameter

3.00 DELTAPHI, amplitude for Baumgartner rotation

or, for GS/GSLJ models:

0.1 EPS Lennard Jones

0.8 SIG Lennard Jones

3.0 RCUT Lennard Jones

3.0 H Hookean constant for Gaussian springs

0.5 DELTAX, amplitude for Monte Carlo movements

or, for SS/SSSR models:

75. ACONS, A constant in soft potential

4.0 ALPHA, α constant in soft potential

0.512 RCUT, cutoff radius in soft potential

50. H, spring constant

0.3 DELTAX, amplitude for Monte Carlo movements

In each line, the text that follows the numerical value is not read by the program; it can

be any label used to identify the meaning of the number. Be most careful with numbers

without or with decimal dot, i.e. integer or real numbers.

The output file is very simple. It includes as many blocks as cases in the input file.

For each block, it gives first a list of the input data. Then, the chain dimensions 〈r2〉∗

and 〈s2〉∗ are given. If hydrodynamic calculation was specified, then the values of D∗ and

[η]∗ are given. Finally, if the distribution of the end-to-end vector was asked for, we will

have a list of values of r∗ and P (r∗) for the intervals indicated in the input file. The
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results also include the ratio of rejected conformations in the Monte Carlo simulation. The

program divides internally the Monte Carlo sample of NCONFAVE conformations into five

subsamples. For each property, from the individual subsample values, the error bar of the

result is calculated.

The following is an example of output file from the sample of input file given above

(three cases in a run) if the GSLJ model is used:

======================================================================

Program POLYCARLO

Prediction of solution properties of flexible-chain

polymers: a computer-simulation undergraduate experiment

J. Garcia de la Torre, University of Murcia, Spain

Eur. J. Phys. 29, 945-956 (2008)

======================================================================

Code 2. GS or GSLJ model

Output file (this file): exampleGSLJ-r.txt

Input data file: exampleGSLJ-d.txt

======================================================================

General data

------------

N= 20

Total number of conformations: 100000

Number of conformations for averaging: 10000

Sampling frequecy for averaging: 10

Seed for random number generator: 654321

Hydrodynamic calculations? (0-No, other-Yes): 1

Radial distribution function P(r) ? (0-NO, other-Number of intervals): 0

Model-specific data

-------------------

Hookean constant= 3.00
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Lennard Jones parameters EPS=0.10 SIG=0.80 RCUT=3.00

Amplitude of Monte-Carlo coordinate displacement= 0.500

--------------

FINAL RESULTS:

Number of rejected conformations = 548729

Percent of rejected conformations= 27.4

Reduced mean square end-to-end distance <r2>*= 31.15 +- 1.41

Reduced mean square radius of gyration <s2>*= 5.12 +- 0.16

Reduced diffusion coefficient D*= 0.6308+- 0.0031

Reduced intrinsic viscosity [eta]*= 53.10+- 1.36

======================================================================

General data

------------

N= 40

Total number of conformations: 300000

Number of conformations for averaging: 30000

Sampling frequecy for averaging: 10

Seed for random number generator: 654321

Hydrodynamic calculations? (0-No, other-Yes): 0

Radial distribution function P(r) ? (0-NO, other-Number of intervals): 0

Model-specific data

-------------------

Hookean constant= 3.00

Lennard Jones parameters EPS=0.10 SIG=0.80 RCUT=3.00

Amplitude of Monte-Carlo coordinate displacement= 0.500

--------------

FINAL RESULTS:

Number of rejected conformations =3377839

Percent of rejected conformations= 28.1

Reduced mean square end-to-end distance <r2>*= 72.90 +- 4.64

Reduced mean square radius of gyration <s2>*= 11.88 +- 0.36

======================================================================
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General data

------------

N= 20

Total number of conformations: 1000000

Number of conformations for averaging: 100000

Sampling frequecy for averaging: 10

Seed for random number generator: 654321

Hydrodynamic calculations? (0-No, other-Yes): 0

Radial distribution function P(r) ? (0-NO, other-Number of intervals): 20

P(r) from r=0.0 to rmax= 15.00

Model-specific data

-------------------

Hookean constant= 3.00

Lennard Jones parameters EPS=0.10 SIG=0.80 RCUT=3.00

Amplitude of Monte-Carlo coordinate displacement= 0.500

--------------

FINAL RESULTS:

Number of rejected conformations =5492006

Percent of rejected conformations= 27.5

Reduced mean square end-to-end distance <r2>*= 32.22 +- 0.93

Reduced mean square radius of gyration <s2>*= 5.27 +- 0.11

0.375 0.00016

1.125 0.00911

1.875 0.02895

2.625 0.06379

3.375 0.10116

4.125 0.13753

4.875 0.14901

5.625 0.14772

6.375 0.13207

7.125 0.09923

7.875 0.06549
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8.625 0.03658

9.375 0.01770

10.125 0.00781

10.875 0.00239

11.625 0.00088

12.375 0.00036

13.125 0.00006

13.875 0.00000

14.625 0.00000

======================================================================
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2 Verification of theoretical relationships

The instructor will assign to the student one of the three models: RL/RLHS, GS/GSLJ

or SS/SSSR. The main task in this part of the work is to calculate the properties of the

model, given by the POLYCARLO program, in the reduced forms:

〈r2〉∗ = 〈r2〉/b2, (1)

〈s2〉∗ = 〈s2〉/b2, (2)

D∗ = (6πη0b/kBT )D, (3)

and

[η]∗ = (M/NAb3)[η]. (4)

For further explanations, see the main, published paper. For some explanation about how

hydrodynamics is treated see Appendix A at the rear of this document.

The calculations will be carried out for several values of N , for instance 15, 20, 30,

40, 50 and 70, with excluded volume (EV) and without it (ideal chains, no-EV). Numer-

ical results for those values of N are contained in tables 1-3. The instructor may give

a recommended set of values for the simulation parameters: NMOVTOT, NCONFAVE,

etc. Alternatively, the student can investigate the effect of the simulation conditions and

determine the optimum conditions by him/herself (questions and suggestions for this are

given below).

The basic theory predicts that, for ideal chains (mathematically, in the limit of N → ∞),

the mean square end-to-end distance and the radius of gyration are related in a very simple

way (see the paper):

〈s2〉 = 〈r2〉/6. (5)

With the results from POLYCARLO, the student can obtain the ratio 〈r2〉/〈s2〉 = 〈r2〉∗/〈s2〉∗

for ideal chains and check how close it is to 6, depending on chain length. Then, he/she

obtains also this ratio and check the validity of equation (5) for non-ideal, EV chains.

Numerical results for this exercise can be found in table 4.

Theory tells us that the distribution function for the end-to-end vector is Gaussian for

ideal, no-EV chains (again, provided that N is sufficiently large). Thus, the distribution

function for the modulus is given by

P (r) =
(

3

2π〈r2〉

)3/2

4πr2 exp
[
− 3r2

2〈r2〉

]
. (6)
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This expression is also valid for the reduced end-to-end distance, r∗, and can be rearranged

in a form that suggests a linear plot:

ln[P (r∗)/r∗2] = lnA −Br∗2. (7)

The student can make a separate run of POLYCARLO for N = 20 with large NMOVTOT and

NCONFAVE, without hydrodynamic calculations and activating the option to calculate

P (r∗), and plot the function P (r∗) vs. r∗ (see figure 1). Then he/she plots ln[P (r∗)/r∗2]

vs. r∗2: the linearity of the plot is a confirmation of the Gaussian behavior of the ideal

chains. Then the student repeats the procedure for the EV chain, and compare the resulting

plot with the preceeding one (figure 2). Numerical results for the constants A and B in

equation (7) are collected in table 5.

The simulation results should follow the scaling laws

〈s2〉∗ = C∗
s N

as, (8)

D∗ = C∗
DNaD , (9)

and

[η]∗ = C∗
ηNa∗

η . (10)

In log-log plots of 〈s2〉∗, D∗ and [η]∗ vs N , the simulation results should follow a linear

trend, with slopes as, aD, aη, and intercepts C∗
s , C∗

D, C∗
η . For the three properties, in both

cases of ideal and EV chains, the student can make these plots to confirm the linearity

(see figure 3), and from least-squares fittings determine the values of the C∗’s and the a’s

(numerical results can be found in table 6). Then he/she may compare results for as, aD

and aη with the theoretical values: 1, -1
2

and 3
2

for non-EV chains, and 1.2, -0.6 and 1.8 for

EV chains.

The tasks described above are the main ones of the first part of the project. Some

additional aspects can be studied:

• Run simulations changing the parameter that governs the amplitude of the Monte

Carlo movements (DELTAX or DELTAPHI). NMOVTOT can be small, as this cal-

culations are not intended for the final values of the properties. Instead, just look at

the fraction of rejected conformations and see how it varies with the amplitude.

13



• For N = 20, the exact value of the mean square end-to-end distance is 〈r2〉∗ =

19. Run POLYCARLO calculations (without hydrodynamics) with different values of

NMOVTOT (1000, 3000, 10000, 30000, 100000, 300000, etc), and for each of them,

with some different ratios NMOVTOT/NCONFAVE (1, 5, 20, 50, etc). This ratio is

the sampling frequency for the simulation.

• Repeat a given simulation, with all the parameters fixed except the seed for the

random numbers. Discuss the reproducibility of the results.

• From equation (6) and (7), obtain expressions relating the constants A and B to

〈r2〉∗. From the numerical value of A, obtained from the linear least squares fit of

ln[P (r∗)/r∗2] vs. r∗2, determine 〈r2〉∗ and compare it with the value that POLYCARLO

reports (the sample average), and with the theoretical results.

• Proceed similarly obtaining an expression for B, calculate the value of this constant

from the slope of the least squares line, and obtain another value of 〈r2〉∗ from B,

comparing with the previous results.

• Find a combination of A and B which is equal to a numerical constant (independent

of 〈r2〉∗, N , etc). Compare the value of such constant with the simulation results.

3 Prediction of experimental properties

The student can use the model assigned by the instructor (RL/RLHS, GS/GSLJ or

SS/SSSR) to predict physical values of the properties of a real polymer/solvent/temperature

system and compare the simulation results with experimental results. For example, we

can consider polystyrene molecules with M = 1 × 105 g/mol, M = 2 × 105 g/mol, and

M = 5 × 105 g/mol both under theta and good solvent conditions.

The models we are considering have two parameters: N (number of beads) and b

(equilibrium connector length). Therefore, we need to assign values to those parameters.

In first place, we have to transform M values in N values by introducing the parameter

M1 =
M

N
, (11)

which can be interpreted as the molecular weight assigned to a bead in the model. There-

fore, the number of beads corresponding to certain molecular weight is N = M/M1. If the
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value of N corresponding to the smallest polymer is sufficiently high, then the results will

not depend on the choice of M1. For practical purposes, make sure that the values of N are

within the range of the values employed in previous simulations (10 ≤ N ≤ 100). Thus,

a suitable choice for M1, according to the values of M given above, could be M1 = 5000

g/mol. With that choice and the values M = 1 × 105 g/mol, M = 2 × 105 g/mol, and

M = 5 × 105 g/mol, it turns up N = 1 × 105/5000 = 20, N = 2 × 105/5000 = 40, and

N = 5 × 105/5000 = 100, respectively.

In order to assign a physical value to the parameter b, we need the experimental value

of one property for one sample. This is particularly useful and easy with the radius of

gyration 〈s2〉, which is generally available. Then, we have

b2 =
〈s2〉
〈s2〉∗ . (12)

Thus, having just one experimental value of 〈s2〉 for a sample of known M , the value of

b can be inferred from equation (12). When the available information is an experimental

〈s2〉-M relationship, the datum for 〈s2〉 is obtained using that equation for a suitable value

of M . Thus, for example, for a polystyrene of M = 1× 105 g/mol in cyclohexane at 35oC,

which corresponds to theta solvent conditions, we have 〈s2〉 = 7.90 × 10−18M = 7900 Å2

(see table 7). On the other hand, as commented above, we chose to model that M value

with N = 20 beads. Thus, if we are employing, for example the GS model, we get from

the corresponding simulation 〈s2〉∗ = 3.31 (see table 2, N = 20); or alternatively we can

use the corresponding reduced power-law equation with the parameters shown in table 6

and get 〈s2〉∗ = 0.169N0.992 = 3.30. The reduced power-law equations are quite useful

because they allow for the computation of a property value for any N without running

the simulation. Finally, by using equation (12), we get b2 = 7900/3.31 ' 2379 Å2 and

therefore b ' 48.8 Å. For that very same polystyrene molecule in toluene at 20oC, which

corresponds to good solvent conditions, we have 〈s2〉 = 1.56× 10−18M1.19 = 13900 Å2 (see

table 7) and 〈s2〉∗ = 5.31 (see table 2, GSLJ model), and therefore b = 51.2 Å. Notice that

the value of b is different in theta and good solvent conditions; thus, in general, b depends

upon the inclusion of excluded volume interactions.

Once we have the model parameterized (M1 assigned and b determined), values of

experimental properties can be predicted for any molecular weight by transforming into

physical forms the values of the reduced quantities computed from equation (8), (9), and
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(10). Recall that the values of the exponents a’s and the constants C∗’s in those equations

were determined previously by least square fitting as shown in table 6. The transformation

is then accomplished simply by multiplying by the corresponding units,

〈s2〉 = b2〈s2〉∗ = b2C∗
s (M/M1)

as, (13)

D =
kBT

6πη0b
D∗ =

kBTC∗
D(M/M1)

aD

6πη0b
, (14)

[η] =
NAb3

M
[η]∗ = NAb3C∗

η(M/M1)
a∗

ηM−1. (15)

The prediction of values of the observable properties is, obviously, intended for their

comparison with the experimental values themselves. The experimental data may be found

as individual values for one or more polymer samples, or as property-molecular weight

power-law equations. We suggest to test two systems, polystyrene/cyclohexane/35oC and

polystyrene/toluene/20oC, typical for the two kind of solvent conditions contemplated in

the POLYCARLO program: theta solvent (no excluded volume) and good solvent (excluded

volume), respectively. In order to facilitate calculations, we give in table 7 the value of the

solvent viscosity and some power law relationships for those systems. For the two suggested

systems, we have carried out computational predictions of the experimental values of 〈s2〉,

D and [η] for two molecular weights (M = 1 × 105 g/mol and M = 5 × 105 g/mol) by

using the three models considered. For all the cases, the predicted values by each model

along with the experimental values and the relative deviation of the predicted value from

the experimental one are collected in table 8. Notice that the case M = 5 × 105 g/mol is

modeled with N = 100 that was not simulated. Thus, the values of the properties were

just obtained through equation (13), (14), and (15), by using the power-law parameters

collected in table 6. It must be also noticed that the value of the parameter b is calculated

for every model because it can depend on the model. However, it does not depend on M

for a given model.

For the 36 computational predictions (3 properties, 3 models, 2 polymer/solvent/temperature

systems, 2 samples) reported in table 8, the rms difference between the computed and ex-

perimental value is only 5.8%, quite close to the typical experimental uncertainties. Con-

sidering the variety of aspects involved in the computational prediction (simplified physical

models, Monte Carlo simulation of conformational variability, hydrodynamic calculation,

etc), the agreement seems very satisfactory.
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Figure Captions

Figure 1. Histograms of the P (r∗) distributions for models GS and GSLJ of a chain

with N = 20.

Figure 2. Plots of log(P (r∗)/r∗2) vs. r∗2 for models GS and GSLJ of a chain with

N = 20.

Figure 3. Log-log plots of 〈r2〉∗, 〈s2〉∗, D∗ and [η]∗ vs. N for the RL and RLHS

models. The values of the slopes, corresponding to the exponents ar, as, aD and a[η], are

indicated.

17



Table 1: Properties for the model with rigid links, without excluded volume (RL) and with

hard-spheres excluded volume (RLHS).

N 〈r2〉∗ 〈s2〉∗ D∗ [η]∗

Model RL

15 14.0 ± 0.04 2.487 ± 0.001 0.8174 ± 0.0002 22.84 ± 0.03

20 18.9 ± 0.07 3.318 ± 0.008 0.7053 ± 0.0004 36.01 ± 0.08

30 28.9 ± 0.2 4.98 ± 0.02 0.5732 ± 0.0006 67.80 ± 0.02

40 39.3 ± 0.4 6.71 ± 0.05 0.4939 ± 0.0006 106.7 ± 0.7

50 49.2 ± 0.1 8.37 ± 0.02 0.4412 ± 0.0002 150.1 ± 0.2

70 70 ± 1 11.74 ± 0.11 0.3719 ± 0.0006 251 ± 2

Model RLHS

15 19.61 ± 0.11 3.277 ± 0.013 0.7511 ± 0.0005 29.88 ± 0.10

20 28.2 ± 0.19 4.65 ± 0.02 0.6351 ± 0.0006 50.2 ± 0.2

30 46.6 ± 0.7 7.57 ± 0.07 0.5018 ± 0.0009 103.6 ± 0.8

40 65.8 ± 1.0 10.73 ± 0.11 0.4246 ± 0.0007 173.0 ± 1.5

50 85.4 ± 1.4 13.8 ± 0.14 0.3734 ± 0.0006 254 ± 2

70 134 ± 4 21.2 ± 0.4 0.3059 ± 0.0008 471 ± 8
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Table 2: Properties for the model with Gaussian springs, without excluded volume (GS)

and with Lennard-Jones excluded volume (GSLJ).

N 〈r2〉∗ 〈s2〉∗ D∗ [η]∗

Model GS

15 13.91 ± 0.17 2.49 ± 0.02 0.855 ± 0.001 21.2 ± 0.2

20 18.9 ± 0.4 3.31 ± 0.05 0.735 ± 0.002 33.5 ± 0.4

30 27.8 ± 0.9 4.82 ± 0.11 0.56 ± 0.002 61.8 ± 1.1

40 38.6 ± 0.8 6.61 ± 0.12 0.511 ± 0.001 99 ± 1.2

50 49.4 ± 1.9 8.4 ± 0.2 0.456 ± 0.002 141 ± 3

70 67.9 ± 4 11.3 ± 0.4 0.385 ± 0.002 231 ± 8

Model GSLJ

15 22.4 ± 0.3 3.73 ± 0.03 0.7499 ± 0.0009 32.1 ± 0.2

20 32.7 ± 0.5 5.31 ± 0.05 0.6294 ± 0.0010 54.7 ± 0.5

30 55.2 ± 0.9 8.73 ± 0.11 0.4932 ± 0.0014 115.1 ± 1.3

40 71 ± 2 11.73 ± 0.15 0.4183 ± 0.0009 186 ± 2

50 105 ± 4 16.4 ± 0.4 0.363 ± 0.013 294 ± 5

70 155 ± 3 24.2 ± 0.4 0.2971 ± 0.0008 534 ± 7
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Table 3: Properties for the model with stiff springs, without excluded volume (SS) and

with soft repulsive excluded volume (SSSR).

N 〈r2〉∗ 〈s2〉∗ D∗ [η]∗

Model SS

15 15.5 ± 0.4 2.75 ± 0.04 0.797 ± 0.002 25.2 ± 0.3

20 20.8 ± 0.9 3.66 ± 0.11 0.683 ± 0.004 40 ± 0.9

30 33 ± 2 5.7 ± 0.3 0.551 ± 0.006 78 ± 3

40 39.5 ± 5 7.0 ± 0.6 0.482 ± 0.008 114 ± 8

50 54 ± 3 9.2 ± 0.5 0.432 ± 0.004 164 ± 8

70 77 ± 12 12.5 ± 1.2 0.358 ± 0.007 280 ± 24

Model SSSR

15 22 ± 0.8 3.57 ± 0.08 0.734 ± 0.001 32.6 ± 0.6

20 31.5 ± 1.5 5.14 ± 0.15 0.619 ± 0.002 55.5 ± 1.3

30 50 ± 3 8.1 ± 0.3 0.491 ± 0.003 111 ± 4

40 78 ± 4 12.4 ± 0.5 0.410 ± 0.003 198 ± 7

50 98 ± 7 14.90 ± 0.06 0.363 ± 0.002 278 ± 9

70 97 ± 6 17.5 ± 0.5 0.308 ± 0.002 419 ± 11

Table 4: Ratios 〈r2〉∗/〈s2〉∗ for the model with rigid links, without excluded volume (RL)

and with hard-spheres excluded volume (RLHS).

N RL model RLHS model

15 5.63 ± 0.02 5.98 ± 0.06

20 5.70 ± 0.03 6.06 ± 0.07

30 5.80 ± 0.06 6.16 ± 0.15

40 5.86 ± 0.10 6.13 ± 0.16

50 5.88 ± 0.03 6.19 ± 0.16

70 5.96 ± 0.14 6.32 ± 0.31
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Table 5: Results from the analysis of the P (r∗) distribution for the three models of ideal

chains.

RL model GS model SS model Theoretical

〈r2〉∗ from A 18.4 18.8 21.8 19

〈r2〉∗ from B 18.6 19.2 22.1 19

A2/3/B 1.735 1.754 1.741 (16/π)1/3 = 1.7204...

Table 6: Results from the analysis of the chain length-dependence of the reduced properties:

characteristic exponents, a and constants C∗.

Model as aD a∗
[η] C∗

s C∗
D C∗

[η]

ideal chains

RL 1.009 -0.512 1.557 0.162 3.266 0.339

GS 0.992 -0.516 1.557 0.169 3.406 0.314

SS 0.982 -0.513 1.552 0.194 3.189 0.382

theory 1 -1/2 3/2 1/6

chains with excluded volume

RLHS 1.206 -0.582 1.785 0.125 3.635 0.238

GSLJ 1.212 -0.600 1.823 0.140 3.804 0.231

SSSR 1.081 -0.571 1.695 0.203 3.417 0.346

theory ≤ 1.2 ≥ −0.6 ≤ 1.8

Table 7: Power law equations and solvent viscosities for two polymer systems.

Property Polystyrene/cyclohexane/35oC Polystyrene/toluene/20oC

〈s2〉 (cm2) 7.90 × 10−18M 1.56 × 10−18M1.19

D (cm2/s) 1.39 × 10−4M−0.5 3.40 × 10−4M−0.578

[η] (cm3/g) 0.083M0.5 0.0102M0.73

η0 (cP) 0.768 0.587
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Table 8: Predicted physical values of 〈s2〉, D and [η] for several cases. Comparison with experimental data.

Polystyrene/cyclohexane/35oC (No EV)

M = 1 × 105 g/mol M = 5 × 105 g/mol

property Exp. RL % dev GS % dev SS % dev Exp. RL % dev GS % dev SS % dev

〈s2〉 × 1012 (cm2) 0.79 0.79 0 0.79 0 0.79 0 3.95 4.02 1.8 3.88 1.8 3.86 2.3

D ×107(cm2/s) 4.40 4.24 3.6 4.42 0.4 4.31 2.0 1.97 1.86 5.6 1.90 3.7 1.89 5.6

[η] (cm3/g) 26.25 25.20 4.0 23.45 10.7 24.22 7.7 58.69 61.50 4.8 57.15 2.6 58.79 0.2

Polystyrene/toluene/20oC (EV)

M = 1 × 105 g/mol M = 5 × 105 g/mol

property Exp. RLHS % dev GSLJ % dev SSSR % dev Exp. RLHS % dev GSLJ % dev SSSR % dev

〈s2〉 × 1012 (cm2) 1.39 1.39 0 1.39 0 1.39 0 9.44 9.66 2.3 9.74 3.1 7.97 15

D ×107(cm2/s) 4.38 4.24 3.3 4.49 2.5 4.35 0.7 1.73 1.66 4.0 1.71 1.1 1.73 0

[η] (cm3/g) 45.56 49.48 8.6 44.22 2.9 47.00 3.2 147.5 174.3 18 165.3 12 143.9 2.4
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Figure 1
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Figure 2
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Figure 3
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4 Appendix A: Hydrodynamics

In order to obtain the hydrodynamic properties of a flexible bead-and-spring chain each

conformation generated by the Monte Carlo simulation is considered as rigid. Thus, the

rigid body hydrodynamic treatment for bead models [1] is applied to every single confor-

mation, and then a conformational average is carried out to get the final results. The rigid

body hydrodynamic approach that we employ for bead models is based on the theory of

Kirkwood and Riseman [2, 3, 4] and is implemented in our public domain HYDRO programs

suite [1, 5] (see our web site http://leonardo.inf.um.es/macromol). For a rigid particle,

the six components (three for translational friction force and three for momentum) of the

“force” vector acting on the particle is related with the six components (translation and

rotation) of the “velocity” vector by a 6 × 6 friction tensor, Ξ: F = Ξv. This friction

tensor is related to the diffusion tensor, D, by the expression D = kBTΞ−1. These tensors

can be split in four blocks 3 × 3 corresponding to pure translation (tt), pure rotation (rr)

and the coupling translation-rotation (tr). Therefore, it can be written

D =




Dtt DT
tr

Dtr Drr


 = kBT




Ξtt ΞT
tr

Ξtr Ξrr




−1

. (16)

From the trace of the tt block we can obtain the translational diffusion and friction coeffi-

cients of the particle,

D = (1/3)Tr(Dtt), (17)

f = kBT/D. (18)

The diffusion (and friction) of a particle constituted by a set of N beads is influenced by

the hydrodynamic interaction between beads. The effect of the hydrodynamic interaction

on the translational motion of the particle is taken into account by using a 3N × 3N

hydrodynamic tensor, T. A simple form of that tensor derived by Oseen [6] considers

point-like interacting elements and is valid when beads are far apart. In that simple

approach, each 3 × 3 block of T –corresponding to each pair of beads– reads

Tij =
1

8πη0rij

(
I +

rijrij

r2
ij

)
, (19)

where η0 is the solvent viscosity and rij is the distance between beads i and j. Rotne and

Prager [7] and Yamakawa [8] derived an expression (a modified Oseen tensor) for systems

made of equal beads that takes into account their size. That expression was generalized by
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Garćıa de la Torre and Bloomfield [9] for beads with different radius, σi and σj, to obtain

the hydrodynamic tensor implemented in our computer programs,

Tij =
1

8πη0rij

(
I +

rijrij

r2
ij

+
σ2

i + σ2
j

r2
ij

(
1

3
I − rijrij

r2
ij

))
. (20)

If elements i and j overlap (rij < σi + σj), then

Tij =
1

6πη0σ

(
1 − 9

32

rij

σ

)
I +

3

32

rijrij

rijσ
, (21)

where σ = σi = σj if beads are equal size; otherwise σ = (σi + σj)/2 [10].

The mobility tensor, B, is the inverse of the friction tensor, Ξ−1. Therefore, the 3N ×

3N translational mobility tensor (of a particle composed by N beads) depends on the

hydrodynamic tensor T. Thus, each 3 × 3 block that forms B can be written as

Bij = δij(1/ζi)I + (1 − δij)Tij, (22)

where δij is the Kronecker delta, I is the unit tensor, and ζi = 6πη0σi is the Stokes

translational friction coefficient of bead i. From the inverse of B, the intrinsic viscosity,

[η], can be evaluated by using complex mathematical expressions [11].

In the approach outlined in this appendix, the friction force is assumed to be applied on

the center of the beads and not on their surfaces. Therefore some corrections are required

in some situations to get valid values of some hydrodynamic properties [12]. However,

for the flexible bead and spring chain models used by the POLYCARLO program, the above

hydrodynamic approach gives good results.
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